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I n t h i s work , some b a s i c a s p e c t s of f u n c t i o n a l r e p r o d u c i b i l i t y 
and i n p u t f u n c t i o n a l o b s e r v a b i l i t y of m u l t i - v a r i a b l e l i n e a r d y n a m i c a l 
s y s t e m s such a s d e p e n d e n c i e s on homogeneous s o l u t i o n and on t i m e -
i n t e r v a l s , s t r u c t u r e s of f u n c t i o n s p a c e , a d m i s s i b i l i t y of i n p u t and 
o u t p u t f u n c t i o n s , f u n c t i o n a l a t t a i n a b i l i t y , d u a l r e l a t i o n s , e t c . , a r e 
i n v e s t i g a t e d . A t t e n t i o n s a r e c o n c e n t r a t e d on l i n e a r t i m e - i n v a r i a n t 
d y n a m i c a l s y s t e m s , and p r o b l e m s a r e h a n d l e d and i n t e r p r e t e d from t h e 
f r e q u e n c y domain p o i n t of v i e w . 
The t h e o r e t i c a l f o u n d a t i o n s a r e b a s e d on t h e f o r m a l i z a t i o n of 
a f i n i t e - d i m e n s i o n a l r a t i o n a l f u n c t i o n v e c t o r s p a c e o v e r a r a t i o n a l 
f u n c t i o n f i e l d . T h i s f o r m a l i z a t i o n wh ich was n o t u s e d by o t h e r a u t h o r s 
i n t h i s c o n t e x t , g i v e s a p o w e r f u l t o o l t o i n v e s t i g a t e t h e p r o p e r t i e s of 
f u n c t i o n a l r e p r o d u c i b i l i t y and i n p u t f u n c t i o n a l o b s e r v a b i l i t y . I n 
p a r t i c u l a r , r e s u l t s have been o b t a i n e d r e g a r d i n g t h e e f f e c t s of f e e d ­
b a c k c o m p e n s a t i o n , and e x i s t e n c e and c h a r a c t e r i z a t i o n of f u n c t i o n a l l y 
r e p r o d u c i b l e and i n p u t f u n c t i o n a l l y o b s e r v a b l e s y s t e m s . B e s i d e s , a 
d e s i g n p r o p o s a l f o r a p s e u d o - i n v e r s e sys t em w i t h o u t d i f f e r e n t i a t o r s , 
w h i c h i s p r o v e d t o be a b l e t o a p p r o x i m a t e t h e t r u e i n v e r s e sys t em t o 




The o b j e c t s of i n v e s t i g a t i o n of t h i s t h e s i s a r e m a t h e m a t i c a l 
m o d e l s of p h y s i c a l o r r e a l l i f e s y s t e m s whose b e h a v i o r may be a d e q u a t e l y 
d e s c r i b e d by t h e t y p e of m a t h e m a t i c a l s t r u c t u r e c a l l e d d y n a m i c a l 
s y s t e m s , wh ich s h a l l be d e n o t e d b y £, i n g e n e r a l . Roughly s p e a k i n g , a 
s y s t e m can be v iewed a s "a s t r u c t u r e i n t o wh ich some th ing ( m a t t e r , 
e n e r g y , o r i n f o r m a t i o n ) may b e p u t a t c e r t a i n t i m e s and wh ich i t s e l f 
p u t o u t s o m e t h i n g a t c e r t a i n t i m e s " [ 1 ] , Hence, t h e c o n c e p t of a 
sy s t em £ i n c l u d e s an a s s o c i a t e d t i m e s e t T and a t e a c h moment of t i m e 
t i n T, t h e s y s t e m r e c e i v e s some i n p u t u ( t ) and e m i t s some o u t p u t ^ ( t ) . 
I n g e n e r a l , t h e o u t p u t of t h e sys t em £ depends on b o t h t h e p r e s e n t 
i n p u t and t h e p a s t h i s t o r y of E, i . e . t h e s t a t e x ( t ) of S. Thus t h e 
s t a t e of £ can be i n t u i t i v e l y d e f i n e d a s t h a t p a r t of t h e p r e s e n t and 
p a s t h i s t o r y of S which i s r e l e v a n t t o t h e d e t e r m i n a t i o n of p r e s e n t 
and f u t u r e o u t p u t s [ 1 ] . A p r e c i s e t e c h n i c a l d e f i n i t i o n of a d y n a m i c a l 
s y s t e m i s g i v e n i n XV-1. 
S t a n d a r d p r o b l e m s of d y n a m i c a l s y s t e m s t h e o r y a r e p r o b l e m s such 
a s , s t a b i l i t y , c o n t r o l , s t a t e r e c o n s t r u c t i o n , o p t i m i z a t i o n , e q u i v a ­
l e n c e , d e c o m p o s i t i o n and s y n t h e s i s . T h i s t h e s i s a d d r e s s e s i t s e l f t o 
t h e f u n d a m e n t a l q u e s t i o n s of e x i s t e n c e , p r o p e r t i e s and c o n s t r u c t i o n 
of d y n a m i c a l s y s t e m s wh ich a r e f u n c t i o n a l r e p r o d u c i b l e . Roughly 
s p e a k i n g , a d y n a m i c a l sys tem i s f u n c t i o n a l l y r e p r o d u c i b l e i f i t h a s 
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t h e c a p a b i l i t y t o g e n e r a t e s p e c i f i e d t i m e f u n c t i o n [ 2 ] . I n many 
i n d u s t r i a l s i t u a t i o n s t h e aim of c o n t r o l i s t o make t h e o u t p u t v e c t o r 
o f a p l a n t t a k e a c e r t a i n form a s a f u n c t i o n of t i m e [ 3 ] . 
A c o r r e s p o n d i n g p r o b l e m which i s a l s o s t u d i e d i n t h i s work may 
be s t a t e d a s t h e c a p a b i l i t y of u n i q u e l y d e t e r m i n i n g t h e i n p u t f u n c t i o n 
o v e r a t i m e i n t e r v a l b y u s i n g t h e measured o u t p u t f u n c t i o n . T h i s i s 
known a s i n v e r t i b i l i t y i n t h e l i t e r a t u r e and i s of i n t e r e s t i n many 
c a s e s of a p p l i c a t i o n s . One a p p l i c a t i o n i s f o r i n f o r m a t i o n r e c o v e r y 
i n c o d i n g t h e o r y [ 4 , 5 , 6 ] , t h a t i s we wan t t o u n a m b i g u o u s l y r e c o v e r t h e 
o r i g i n a l i n f o r m a t i o n from t h e i n f o r m a t i o n r e c e i v e d which h a s p a s s e d 
t h r o u g h an e n c o d e r f o r t h e p u r p o s e of t r a n s m i s s i o n . 
A n o t h e r a p p l i c a t i o n i s i n d e c o u p l i n g i n m u l t i - v a r i a b l e s y s t e m s 
[ 6 , 7 ] . I n t h e d e s i g n of m u l t i - v a r i a b l e s y s t e m s , i t i s o f t e n of 
i n t e r e s t t o know w h e t h e r o r n o t i t i s p o s s i b l e t o have a s i n g l e i n p u t 
i n f l u e n c e a s i n g l e o u t p u t . F a l b and Wolovich [ 7 ] have u s e d a f e e d b a c k 
t e c h n i q u e t o d e c o u p l e a m u l t i - v a r i a b l e s y s t e m . I t h a s b e e n shown t h a t 
t h e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n f o r d e c o u p l i n g i s a l s o a s u f f i ­
c i e n t c o n d i t i o n f o r f u n c t i o n a l r e p r o d u c i b i l i t y . 
I n v e r t i b i l i t y f i n d s a p p l i c a t i o n i n t h e a r e a of f i l t e r i n g and 
e s t i m a t i o n i n t h e p r e s e n c e of c o l o r e d n o i s e . Anderson and Moore [ 8 ] 
h a v e d e t e r m i n e d a w h i t e n i n g f i l t e r wh ich i s a d y n a m i c a l i n v e r s e of a 
d y n a m i c a l mode l f o r a random p r o c e s s , and have u s e d t h i s t o o l t o s im­
p l i f y t h e d e r i v a t i o n of Kalman f i l t e r . A c t u a l l y , one can see t h e 
p o t e n t i a l o f a p p l i c a t i o n of i n v e r s e sys tem t o a d a p t i v e f i l t e r i n g and 
c o n t r o l , and many o t h e r d i a g n o s t i c t e c h n i q u e s i n e n g i n e e r i n g and l i f e 
s y s t e m . 
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B e s i d e s , S a i n [ 9 ] h a s shown t h a t t h e C r u z - P e r k i n s s e n s i t i v i t y 
m a t r i x d e r i v a t i o n [ 1 0 ] d e p e n d s upon an a s s u m p t i o n of i n v e r t i b i l i t y . 
CHAPTER I I 
LITERATURE SURVEY 
The p r o b l e m of f u n c t i o n a l r e p r o d u c i b i l i t y of m u l t i - v a r i a b l e 
d y n a m i c a l sy s t em was f i r s t i n v e s t i g a t e d by B r o c k e t t and M e s a r o v i c [ 2 ] , 
who gave t h e d e f i n i t i o n and a n e c e s s a r y and s u f f i c i e n t c o n d i t i o n f o r 
t h e f u n c t i o n a l r e p r o d u c i b i l i t y i n t e r m s of t h e l i n e a r t i m e - i n v a r i a n t 
s y s t e m p a r a m e t e r s . 
The d e r i v a t i o n of t h e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n came 
from t h e u n d e r s t a n d i n g t h a t a g i v e n l i n e a r t i m e - i n v a r i a n t sys tem i s 
f u n c t i o n a l l y r e p r o d u c i b l e i f and o n l y i f t h e row v e c t o r s of t h e t r a n s ­
f e r f u n c t i o n m a t r i x of t h e sys tem a r e l i n e a r l y i n d e p e n d e n t . Now, 
s i n c e t h e e n t r i e s of t h e t r a n s f e r f u n c t i o n m a t r i x a r e r a t i o n a l f u n c ­
t i o n s of complex v a r i a b l e s , i t may b e r e f e r r e d t h a t i n d e p e n d e n c e was 
mean t i n t h e c o n t e x t of a v e c t o r s p a c e o v e r t h e f i e l d of r a t i o n a l 
f u n c t i o n s , a n d , i n p a r t i c u l a r , t h e v e c t o r space so d e f i n e d i s f i n i t e -
d i m e n s i o n a l . 
A l t h o u g h t h i s c o n c e p t was u s e d i m p l i c i t l y by B r o c k e t t and 
M e s a r o v i c , no e x p l i c i t f o r m a l i z a t i o n was made. I n t h i s work , however , 
t h e u s e of t h e f i n i t e - d i m e n s i o n a l r a t i o n a l f u n c t i o n v e c t o r s p a c e o v e r 
r a t i o n a l f i e l d i s j u s t i f i e d , and t h e n v a r i o u s p r o b l e m s w i l l be c o n ­
s i d e r e d from t h i s p o i n t of v i e w . 
A more r e s t r i c t i v e v e r s i o n of f u n c t i o n a l r e p r o d u c i b i l i t y c o n ­
c e r n i n g t h e g e n e r a t i o n of t h e c l a s s of r - t i m e s d i f f e r e n t i a b l e f u n c t i o n s 
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b y t h e c l a s s of ( r - 2 ) - t i m e s d i f f e r e n t i a b l e i n p u t f u n c t i o n s , h a s been 
d i s c u s s e d by B i r t a and Muf t i [ 1 1 ] i n 1966 . As e x p e c t e d , t h i s p r o b l e m 
i s h a r d e r t h a n t h e u s u a l f u n c t i o n a l r e p r o d u c i b i l i t y p r o b l e m and i t 
seems n o t so e a s y t o g e t a more g e n e r a l i z e d r e s u l t , such a s , g e n e r a t e 
r - t i m e s d i f f e r e n t i a b l e f u n c t i o n s by ( r - k ) - t i m e s d i f f e r e n t i a b l e 
f u n c t i o n s , where 2 < k < r . 
From an a p p l i c a t i o n o r i e n t e d p o i n t of v i e w , t h e s t r o n g l y 
r e l a t e d q u e s t i o n of i n v e r t i n g a l i n e a r d y n a m i c a l sys t em h a s b e e n of 
i n t e r e s t t o t h e c o n t r o l e n g i n e e r f o r many y e a r s . T h i s i s u n d e r s t a n d ­
a b l e b e c a u s e one can see t h a t i n many c a s e s , p e o p l e would l i k e t o f i n d 
o u t t h e c a u s e s ( i n p u t s ) wh ich i n d u c e t h e e f f e c t s ( o u t p u t s ) . 
The e a r l i e s t example of t h e a p p l i c a t i o n of t h i s i n v e r s e c o n c e p t 
i s t h e work by Bode and Shannon [ 1 2 ] i n 1950, who u s e d a n o n - s t a t e 
v a r i a b l e w h i t e n i n g f i l t e r t o s i m p l i f y t h e d e r i v a t i o n of c l a s s i c a l 
Wiener f i l t e r . 
S i n c e t h e i n v e r s e sy s t em o r t h e i n v e r t i b i l i t y p r o b l e m i s c o n ­
c e r n e d w i t h t h e e x a c t d e t e r m i n a t i o n of t h e unknown i n p u t by u s i n g t h e 
knowledge t h e o u t p u t f u n c t i o n , a f t e r some c o n s i d e r a t i o n , one can see 
t h a t t h e i n v e r t i b i l i t y p r o b l e m i s r e l a t e d t o t h e f u n c t i o n a l r e p r o d u c i ­
b i l i t y p r o b l e m i n a d u a l s e n s e . T h e r e f o r e , t h e r e i s no d o u b t t h a t 
B r o c k e t t and M e s a r o v i c d i d make a g r e a t c o n t r i b u t i o n t o t h i s o l d 
p r o b l e m . B e s i d e s , B r o c k e t t [ 1 3 ] d i s c u s s e d an a l g o r i t h m f o r c o n s t r u c ­
t i n g t h e i n v e r s e sy s t em of a s i n g l e - i n p u t s i n g l e - o u t p u t s y s t e m i n 19^5 
w h i c h i s a c t u a l l y a method t o f i n d o u t t h e t r a n s f e r f u n c t i o n w i t h o u t 
s o l v i n g t h e c h a r a c t e r i s t i c e q u a t i o n . 
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I t seems t h a t t h e f i r s t g e n e r a l a p p r o a c h t o t h e p r o b l e m of 
i n v e r s e sy s t em was due t o Youla and D o r a t o [ l 4 ] i n 1966 . They p r o p o s e d 
a method t o t e s t i n v e r t i b i l i t y and d e v e l o p e d an i n v e r s i o n a l g o r i t h m , 
b a s e d on t h e m a n i p u l a t i o n of t h e sys t em c o e f f i c i e n t m a t r i c e s . T h i s 
c r i t e r i o n i s s i m p l e r t h a n B r o c k e t t and M e s a r o v i c ' s and t h i s i s an 
i m p o r t a n t p a p e r on wh ich some o t h e r works were b a s e d . B e s i d e s , 
S i l v e r m a n [ 1 5 , l 6 ] d e v e l o p e d a s e q u e n t i a l a l g o r i t h m which can t e s t t h e 
i n v e r t i b i l i t y and c o n s t r u c t an i n v e r s e sys t em a t t h e same t i m e . 
A n o t h e r a p p r o a c h was due t o S a i n and Mussey [ I T ] . They s t u d i e d 
t h e i n v e r t i b i l i t y of l i n e a r s e q u e n t i a l c i r c u i t f i r s t , and i n t r o d u c e d t h e 
c o n c e p t o f L - d e l a y i n v e r t i b i l i t y , i . e . i f t h e unknown i n p u t segment 
where L i s a p o s i t i v e i n t e g e r l e s s t h a n t h e d i m e n s i o n of t h e s t a t e 
s p a c e . 
The d i s c r e t e - t i m e c h a r a c t e r of t h e l i n e a r s e q u e n t i a l c i r c u i t 
makes t h e p r o b l e m e a s i e r t o h a n d l e , so t h a t s i m p l e r t e s t and a l g o r i t h m 
w e r e d e v e l o p e d . S a i n and Massey a l s o s t u d i e d c o n t i n u o u s - t i m e s y s t e m s , 
u s i n g t h e c o n c e p t A s s o c i a t e d S e q u e n t i a l C i r c u i t [ 1 8 ] . C o r r e s p o n d i n g 
t o t h e L - d e l a y i n v e r t i b i l i t y , t h e y i n t r o d u c e d t h e L - i n t e g r a l I n v e r ­
t i b i l i t y f o r t h e c o n t i n u o u s - t i m e c a s e , i . e . t h e c a p a b i l i t y of e x a c t l y 
r e c o g n i z i n g t h e L - t h i n t e g r a l of t h e unknwon i n p u t by u s i n g t h e 
can be r e c o g n i z e d e x a c t l y b y u s i n g t h e o u t p u t segment 
YK+L ~ * *' %K> J K + 1 ' * * * 
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i n f o r m a t i o n of t h e o u t p u t . A t h e o r e m s t a t i n g t h a t t h e g i v e n c o n t i n u o u s -
t i m e sys t em i s i n v e r t i b l e i f and o n l y i f t h e a s s o c i a t e d s e q u e n t i a l 
c i r c u i t i s , h a s "been p r o v e d and an a l g o r i t h m f o r i n v e r s e sys tem c o n ­
s t r u c t i o n h a s "been e x t e n d e d t o t h e c o n t i n u o u s - t i m e c a s e . 
So f a r , t h e s y s t e m s have "been t a l k e d a b o u t a r e l i n e a r t i m e -
i n v a r i a n t s y s t e m s , and i t seems t h a t , up t o now, mos t of t h e i n v e r t i ­
b i l i t y and i n v e r s e c o n s t r u c t i o n p r o b l e m s f o r t h i s k i n d of p r o b l e m s 
h a v e been s o l v e d . 
The p r o b l e m becomes more d i f f i c u l t f o r l i n e a r t i m e - v a r y i n g 
s y s t e m . However , some s p e c i a l c a s e s have been s t u d i e d . I n 1968 , 
S i l v e r m a n [ 1 5 ] g o t some r e s u l t f o r t h e s i n g l e - i n p u t s i n g l e - o u t p u t 
c a s e , w i t h some r e s t r i c t i o n , wh ich was an e x t e n s i o n of B r o c k e t t ' s 
a l g o r i t h m [ 1 3 ] f o r t h e t i m e - i n v a r i a n t s y s t e m . Next y e a r , S i l v e r m a n [ l 6 ] 
o b t a i n e d a r e s u l t f o r m u l t i - v a r i a b l e sy s t em, b u t w i t h more r e s t r i c t i o n s . 
As t o n o n - l i n e a r s y s t e m s , some r e s u l t s a p p e a r e d i n B r o c k e t t and 
M e s a r o v i c ' s o r i g i n a l p a p e r . Approached from t h e a s p e c t of f u n c t i o n a l 
r e p r o d u c i b i l i t y , a s e x p e c t e d , t h a t was f o r a l m o s t l i n e a r s y s t e m s o n l y . 
G e n e r a l l y s p e a k i n g , i t i s n o t e a s y t o h a n d l e t h e f u n c t i o n a l 
r e p r o d u c i b i l i t y o r i n v e r t i b i l i t y p r o b l e m s f o r t h e c a s e of t i m e - v a r y i n g 
o r n o n - l i n e a r s y s t e m s , s i n c e we do n o t have a d e q u a t e knowledge of 
g e n e r a l i n t e g r a l o p e r a t o r s . 
A l t h o u g h p r o b a b l y t h e o r i g i n a l m o t i v a t i o n of t h e s t u d y of 
f u n c t i o n a l r e p r o d u c i b i l i t y m i g h t n o t be d e f i n i t e and c l e a r , t h e r e i s 
no d o u b t t h a t i t h a s i n f l u e n c e d many o t h e r f i e l d s . I n v e r t i b i l i t y i s 
t h e d i r e c t b e n e f i c i a r y and a g a i n i t f i n d s a p p l i c a t i o n s i n t h e f i e l d s 
o f f i l t e r i n g , c o d i n g , d e c o u p l i n g and s e n s i t i v i t y p r o b l e m s wh ich h a v e 
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"been d i s c u s s e d i n C h a p t e r I . 
As a summary t o t h e p r e v i o u s w o r k s , t h e f o l l o w i n g comments and 
r e m a r k s a r e made: 
* A l l t h e p r e v i o u s s t u d i e s were c o n c e r n e d w i t h t h e f u n c t i o n a l 
r e p r o d u c i b i l i t y o r i n v e r t i b i l i t y , b u t t h e s i t u a t i o n of f u n c t i o n a l n o n -
r e p r o d u c i b i l i t y o r n o n - i n v e r t i b i l i t y were n o t d i s c u s s e d . 
* The p r e v i o u s r e s e a r c h e r s were t r y i n g t o f i n d o u t c r i t e r i a f o r 
f u n c t i o n a l r e p r o d u c i b i l i t y o r i n v e r t i b i l i t y , and a l g o r i t h m s f o r i n v e r s e 
s y s t e m s c o n s t r u c t i o n , b a s e d on t h e m a n i p u l a t i o n of c e r t a i n p a r a m e t e r 
m a t r i c e s of t h e s y s t e m . 
* The b a s i c i d e a , however , wh ich comes from t h e o p e r a t i o n a l t r a n s ­
f o r m a t i o n be tween t h e i n p u t f u n c t i o n space and o u t p u t f u n c t i o n space 
was n e i t h e r f o r m a l i z e d n o r e m p h a s i z e d . A l t h o u g h B r o c k e t t and M e s a r o v i c 
[ 2 ] u s e d t h i s c o n c e p t i m p l i c i t l y . Hence , t h e s t r u c t u r a l p r o p e r t i e s 
such a s d i m e n s i o n a l i t y , i n n e r p r o d u c t , a d j o i n t o p e r a t o r , d e c o m p o s i t i o n , 
e t c . , were n o t d i s c u s s e d . 
* The u s e of t h e t e r m i n o l o g y , i n v e r s e sy s t em, was n o t u n i f i e d . 
S i n g h and L i u [ 6 ] c l a s s i f i e d t h e t e r m of i n v e r s e sys t em used by p r e v i ­
ous a u t h o r s i n t o p o s t - i n v e r s e s y s t e m s and p r e - i n v e r s e s y s t e m s , which 
w i l l be e x p l a i n e d i n d e t a i l i n C h a p t e r V I . 
To c l a r i f y t h e s e n o n - u n i f i e d t e r m i n o l o g i e s , t h r o u g h o u t t h i s 
w o r k , t h e i n v e r s e sy s t em i s u s e d f o r p o s t - i n v e r s e sys t em and t h e name, 
f u n c t i o n g e n e r a t o r , i s u s e d f o r p r e - i n v e r s e s y s t e m . 
* The d u a l c o n c e p t f o r f u n c t i o n a l r e p r o d u c i b i l i t y and i n v e r t i b i l i t y 
was u s e d i m p l i c i t l y , w i t h o u t , j u s t i f i c a t i o n from t h e c o n s i d e r a t i o n of 
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i n n e r p r o d u c t s p a c e , and d u a l o p e r a t o r , e t c . Once a g a i n , s i n c e t h e 
f u n c t i o n s p a c e s t r u c t u r e s were n o t d i s c u s s e d , a c o m p l e t e d u a l t heo rem 
was n e i t h e r g i v e n n o r i n t e r p r e t e d i n d e p t h . 
* From p r a c t i c a l p o i n t of v i e w , t h e ma jo r d e f i c i e n c y of t h e 
i n v e r s e s y s t e m i s t h a t i n mos t c a s e s , i d e a l d i f f e r e n t i a t o r s a r e n o t 
a v o i d a b l e . S i n c e t h e r e i s no i d e a l d i f f e r e n t i a t o r , t h i s p r e v e n t s t h e 
a p p l i c a t i o n s of i n v e r s e s y s t e m . 
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CHAPTER I I I 
OBJECTIVES AND METHODS OF RESEARCH 
I n t h i s work , o n l y l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s w i l l 
"be c o n s i d e r e d . P r o b l e m s w i l l be a p p r o a c h e d p r i m a r i l y from f r e q u e n c y 
domain p o i n t of v i e w . F r e q u e n c y domain f u n c t i o n s and t r a n s f e r f u n c ­
t i o n m a t r i c e s w i l l be u s e d t o s t u d y t h e t r a n s f o r m a t i o n be tween t h e 
i n p u t f u n c t i o n space and o u t p u t f u n c t i o n s p a c e . 
F i r s t of a l l , t h e s e t of a l l v e c t o r - v a l u e d r a t i o n a l f u n c t i o n s 
w i l l be f o r m a l i z e d a s a f i n i t e d i m e n s i o n a l v e c t o r space o v e r t h e f i e l d 
of r a t i o n a l f u n c t i o n s . Then, by t h e r e s u l t s from f i n i t e - d i m e n s i o n a l 
v e c t o r s p a c e , t h e a rgumen t of t h e e x i s t e n c e of a r i g h t i n v e r s e of t h e 
t r a n s f e r f u n c t i o n m a t r i x w i l l deduce t o a f r e q u e n c y domain c r i t e r i o n 
f o r f u n c t i o n a l r e p r o d u c i b i l i t y . Then , t h e u s e of a g e n e r a l i z e d i n n e r 
p r o d u c t and a d j o i n t o p e r a t o r , e t c . , w i l l r e s u l t i n a n o t h e r f r e q u e n c y 
domain c r i t e r i o n w h i c h i s a new r e s u l t of t h i s s t u d y . T h i s k i n d of 
a p p r o a c h makes t h e p r o b l e m l o o k e a s i e r and c l e a r e r , and s i n c e many 
p r a c t i c a l d e s i g n works a r e a p p r o a c h e d from t h e f r e q u e n c y domain , t h i s 
c r i t e r i o n i s p a r t i c u l a r l y s u i t a b l e f o r hand c a l c u l a t i o n p r o v i d e d t h a t 
t h e sys t em s i z e i s n o t t o o l a r g e . 
Then , a ma jo r c l a s s of f u n c t i o n s , namely t h e r a t i o n a l f u n c t i o n s 
i n s , w i l l be c o n s i d e r e d a s i n p u t and o u t p u t f u n c t i o n s of i n t e r e s t and 
t h e s t r u c t u r e of t h e f i n i t e - d i m e n s i o n a l r a t i o n a l v e c t o r space w i l l be 
u s e d a s a b r i d g e t o s t u d y t h e s t r u c t u r a l p r o p e r t i e s of t h e o u t p u t 
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f u n c t i o n s p a c e . Then t h e c o n c e p t of a d m i s s i b l e I n p u t and o u t p u t 
f u n c t i o n s w i l l be i n t r o d u c e d and t h e f u n c t i o n a l - a t t a i n a b l e s e t w i l l be 
d e f i n e d a s t h e s e t of a l l a d m i s s i b l e r a t i o n a l f u n c t i o n s embedded i n 
t h e r a t i o n a l f u n c t i o n r a n g e s u b s p a c e . 
W i t h i n t h e above o u t l i n e d f ramework, t h e f o l l o w i n g t o p i c s a r e 
d e a l t w i t h i n d e t a i l : 
1 . The d e p e n d e n c i e s of f u n c t i o n a l r e p r o d u c i b i l i t y on homogeneous 
s o l u t i o n and on t i m e - i n t e r v a l w i l l be c l a r i f i e d . 
2 . P r o c e d u r e s t o f i n d o u t t h e r a n k and b a s i s of t h e t r a n s f e r 
f u n c t i o n m a t r i x a r e d i s c u s s e d i n d e t a i l . 
3 . C o n c e p t of f u n c t i o n a l a t t a i n a b i l i t y i s i n t r o d u c e d and n o n -
r e p r o d u c i b i l i t y i s e m p h a s i z e d . S t r u c t u r e s of o u t p u t f u n c t i o n 
s p a c e a r e d i s c u s s e d . 
k. P r o c e d u r e s t o t e s t i f a g i v e n t r a j e c t o r y i s a t t a i n a b l e i s g i v e n . 
5 . The s o - c a l l e d i n v e r t i b i l i t y i s r e - d e f i n e d i n t h e t i m e - d o m a i n , 
wh ich makes i t more p r e c i s e . T h i s i s r e f e r r e d t o a s i n p u t 
f u n c t i o n a l o b s e r v a b i l i t y I n t h i s work . Concep t of f u n c t i o n a l -
n o n - d e d u c i b i l i t y i s i n t r o d u c e d , and t h e n a c o m p l e t e d u a l t h e o r e m 
i s p r o v e d . 
6 . I n v e r s e sy s t em c o n s t r u c t i o n i s a p p r o a c h e d from t h i s u n i f i e d 
f r e q u e n c y domain v iew p o i n t . 
7 . The e f f e c t s of f e e d b a c k on f u n c t i o n a l r e p r o d u c i b i l i t y and i n p u t 
f u n c t i o n a l o b s e r v a b i l i t y a r e d i s c u s s e d . 
8 . The c o n d i t i o n f o r t h e e x i s t e n c e of an i n p u t m a t r i x ( o u t p u t 
m a t r i x ) such t h a t t h e sys t em can be f u n c t i o n a l l y r e p r o d u c i b l e 
( i n v e r t i b l e ) i s d i s c u s s e d . 
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F i n a l l y , s i n c e i t h a s "been shown t h a t f o r s y s t e m s which do n o t 
have d i r e c t i n p u t - o u t p u t l i n k i n t h e i r c a n o n i c a l form, t h e i n v e r s e 
s y s t e m mus t c o n t a i n a c e r t a i n number of d i f f e r e n t i a t o r s which a r e 
i n a c c u r a t e i n p r a c t i c e such t h a t t h e a p p l i c a b i l i t y of t h e i n v e r s e 
s y s t e m i s l i m i t e d , t h e u s e o f a d y n a m i c a l i n v e r s e sys t em ( w i t h o u t 
d i f f e r e n t i a t o r s ) i s s u g g e s t e d , i n t h i s work , t o a p p r o x i m a t e t h e t r u e 
i n v e r s e s y s t e m ( w i t h d i f f e r e n t i a t o r s ) . T h i s a p p r o x i m a t i n g i n v e r s e 
s y s t e m w i l l be c a l l e d d y n a m i c a l p s e u d o - i n v e r s e s y s t e m . A t h e o r e m c o n ­
c e r n i n g t h e c o n v e r g e n c e of t h i s a p p r o x i m a t i o n i s p r o v e d . 
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CHAPTER IV 
SYSTEM THEORETICAL PRELIMINARIES 
XV-1. Dynamica l Sys tems 
A f i n i t e - d i m e n s i o n a l c o n t i n u o u s - t i m e d y n a m i c a l sys tem Z i s a 
m a t h e m a t i c a l o b j e c t i n t h e form of a s e t o f d i f f e r e n t i a l e q u a t i o n s 
^ i s an n x 1 o u t p u t v e c t o r 
u i s an m x 1 o u t p u t v e c t o r 
f i s a p x 1 v e c t o r - v a l u e d f u n c t i o n 
g i s an n x 1 v e c t o r - v a l u e d f u n c t i o n 
t i s a r e a l v a r i a b l e 
and we assume f i s smooth enough ( e . g . s a t i s f y i n g L i p s c h i t z c o n d i t i o n 
[ 1 9 ] ) such t h a t t h e d i f f e r e n t i a l e q u a t i o n h a s a s o l u t i o n , i f i n i t i a l 
c o n d i t i o n i s g i v e n . 
S i m i l a r l y , a f i n i t e - d i m e n s i o n a l d i s c r e t e - t i m e d y n a m i c a l sys tem 
i s g i v e n by a s e t of d i f f e r e n c e e q u a t i o n s : 
i ( t ) = f ( x , u , t ) 
z ( t ) = £(*> 
where x i s a p x 1 s t a t e v e c t o r 
Ik 
where Xi = v a l u e of t h e p x 1 s t a t e v e c t o r x a t t i m e i n s t a n t k 
jv^ = v a l u e of t h e n x 1 o u t p u t v e c t o r v_ a t t i m e i n s t a n t k 
u ^ = v a l u e of t h e m X 1 i n p u t v e c t o r u a t t i m e I n s t a n t k 
f = p X 1 v e c t o r - v a l u e d f u n c t i o n 
£ = n x 1 v e c t o r - v a l u e d f u n c t i o n 
k = i n t e g e r s 
The s y s t e m s a r e c a l l e d f i n i t e - d i m e n s i o n a l , s i n c e a t e ach 
i n s t a n t , t h e d i m e n s i o n s of t h e s t a t e s a r e f i n i t e . We c a l l p t h e 
d i m e n s i o n of t h e s t a t e s p a c e . I f f and g do n o t depend on t o r k 
e x p l i c i t l y , we c a l l t h e s y s t e m s t i m e - i n v a r i a n t o r au tonomous . 
I n t h i s s t u d y , we s h a l l "be c o n c e r n e d o n l y w i t h t h e c l a s s of 
d y n a m i c a l s y s t e m s wh ich can he modeled o r a p p r o x i m a t e d by l i n e a r 
d i f f e r e n t i a l o r d i f f e r e n c e e q u a t i o n s w i t h c o n s t a n t c o e f f i c i e n t s . 
A f i n i t e - d i m e n s i o n a l c o n t i n u o u s - t i m e - i n v a r i a n t l i n e a r d y n a m i c a l 
s y s t e m S, i s g i v e n by 
A i s a p x p c o n s t a n t m a t r i x . 
B i s a p x m c o n s t a n t m a t r i x . 
C i s an n x p c o n s t a n t m a t r i x . 
D i s an n x m c o n s t a n t m a t r i x . 
I n t h e s e q u e l , we w i l l f r e q u e n t l y u s e [A, B, C, D] t o d e n o t e t h e 
A x ( t ) + B u ( t ) 
U x ( t ) + D u ( t ) 
where x , u a r e a s b e f o r e . 
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sys t em S, and t h r o u g h o u t t h i s work , t h e d i m e n s i o n s of t h e m a t r i c e s 
A, B, C and D a r e u n c h a n g e d . 
F o r t h e t i m e - i n v a r i a n t c a s e , we can a p p l y L a p l a c e t r a n s f o r m t o 
t h e sys t em e q u a t i o n , a n d , a s suming z e r o i n i t i a l c o n d i t i o n , g e t 
X(s) = [ C ( I S - A ) " 1 B + D ] u ( s ) 
A H(s ) U ( S ) 
where H(s ) i s c a l l e d t h e t r a n s f e r f u n c t i o n m a t r i x of t h e sys t em S. 
F o r f i n i t e - d i m e n s i o n a l d i s c r e t e - t i m e - i n v a r i a n t l i n e a r d y n a m i c a l 
s y s t e m , S^, t h e c o r r e s p o n d i n g m a t h e m a t i c a l o b j e c t i s 
The l a t t e r sys t em i s o c c a s i o n a l l y r e f e r r e d t o a s t i m e - i n v a r i a n t 
l i n e a r s e q u e n t i a l c i r c u i t . Given a c o n t i n u o u s - t i m e l i n e a r sys tem 
S = [A> ^ 0 , D ] , t h e c o r r e s p o n d i n g d i s c r e t e - t i m e sys t em 
= [A, B , C, D] i s c a l l e d t h e a s s o c i a t e d l i n e a r s e q u e n t i a l c i r c u i t 
[ 1 8 ] . 
TV-2. C o n t r o l l a b i l i t y , O b s e r v a b i l i t y , F u n c t i o n a l 
R e p r o d u c i b i l i t y and I n v e r t i b i l i t y 
When s t u d y i n g o r d e s i g n i n g a d y n a m i c a l s y s t e m , i t i s i m p o r t a n t 
t o be a b l e t o c h a r a c t e r i z e t h e g i v e n sys t em by r e f e r r i n g t o t h e e x i s ­
t e n c e of c e r t a i n l i m i t a t i o n s of t h e s y s t e m . 
Among t h o s e p r o p e r t i e s , c o n t r o l l a b i l i t y and o b s e r v a b i l i t y a r e 
t h e w e l l - k n o w n c o n c e p t s i n t h e t h e o r y and p r a c t i c e of l i n e a r d y n a m i c a l 
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s y s t e m s . S i n c e , i n t h i s "work, o n l y t h e l i n e a r t i m e - i n v a r i a n t s y s t e m s 
a r e c o n c e r n e d , t h e f o l l o w i n g d e f i n i t i o n s a r e f o r t i m e - i n v a r i a n t c a s e . 
D e f i n i t i o n 1 . 
Given a l i n e a r t i m e - i n v a r i a n t sys tem S = [A B C D ] and i n i t i a l 
s t a t e x , t h e sy s t em S i s s a i d t o he s t a t e c o n t r o l l a b l e i f and o n l y i f 
a n y s t a t e can be r e a c h e d i n a f i n i t e t i m e , by a c o n t r o l u ( t ) . 
I f i n t h e above d e f i n i t i o n , X Q a n ^ 2E]_ a r e r e p l a c e d by V_Q and y ^ , 
t h e n we a r e r e f e r r i n g t o o u t p u t c o n t r o l l a b i l i t y . 
D e f i n i t i o n 2 . 
A l i n e a r t i m e - i n v a r i a n t sy s t em S = [A, B, C, D] i s s a i d t o be 
o b s e r v a b l e , i f we can u n i q u e l y d e t e r m i n e t h e i n i t i a l s t a t e X Q o f t h e 
s y s t e m by o b s e r v i n g t h e o u t p u t _y^t) and t h e i n p u t u ( t ) o v e r a f i n i t e 
t i m e i n t e r v a l . 
I t h a s been shown t h a t i f a sys t em S = [A, B, C, D] i s c o n ­
t r o l l a b l e , t h e n a c o r r e s p o n d i n g sys t em S* = [ - A ' , - C ' , B ' , D ' ] i s 
o b s e r v a b l e , and v i c e v e r s a . T h i s i s known a s Dua l Theorem. 
A much s t r o n g e r p r o p e r t y t h a n t h a t of c o n t r o l l a b i l i t y i s t h e 
c a p a b i l i t y o f r e p r o d u c i n g any d e s i r e d r e a s o n a b l e o u t p u t t r a j e c t o r y 
o v e r some t i m e i n t e r v a l , u s i n g u n c o n s t r a i n e d c o n t r o l i n p u t . T h i s i s 
known a s f u n c t i o n a l r e p r o d u c i b i l i t y , f i r s t i n t r o d u c e d by B r o c k e t t and 
M e s a r o v i c [ 2 ] i n 1964 . 
U n l i k e t h e c o n t r o l l a b i l i t y p r o b l e m wh ich i s c o n c e r n e d w i t h t h e 
o n t o - n e s s of a l i n e a r t r a n s f o r m a t i o n be tween two r e a l E u c l i d e a n 
s p a c e s , t h e f u n c t i o n a l r e p r o d u c i b i l i t y i s c o n c e r n e d w i t h t h e o n t o - n e s s 
o f a l i n e a r o p e r a t o r wh ich t r a n s f o r m s one f u n c t i o n space ( i n p u t f u n c ­
t i o n s p a c e ) t o a n o t h e r ( o u t p u t f u n c t i o n s p a c e ) . 
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On t h e o t h e r h a n d , a c o r r e s p o n d i n g c o n c e p t may he s t a t e d a s 
t h e c a p a b i l i t y of e x a c t l y d e t e r m i n i n g t h e i n p u t f u n c t i o n o v e r a t i m e 
i n t e r v a l , by t h e g i v e n i n i t i a l s t a t e and measured o u t p u t f u n c t i o n . 
Whi le t h i s p r o p e r t y i s r e f e r r e d t o a s i n v e r t i b i l i t y i n t h e l i t e r a t u r e , 
i t w i l l be r e - d e f i n e d a s i n p u t f u n c t i o n a l o b s e r v a b i l i t y i n t h i s work , 
and i t w i l l b e shown t h a t d u a l t h e o r e m e x i s t s be tween f u n c t i o n a l 
r e p r o d u c i b i l i t y and i n p u t f u n c t i o n a l o b s e r v a b i l i t y , wh ich i s v e r y 
a n a l o g o u s t o t h a t f o r c o n t r o l l a b i l i t y and o b s e r v a b i l i t y . 
R i g o r o u s d e f i n i t i o n s f o r f u n c t i o n a l r e p r o d u c i b i l i t y and i n p u t 
f u n c t i o n a l o b s e r v a b i l i t y w i l l a p p e a r i n V - 1 and VI r e s p e c t i v e l y . 
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CHAPTER V 
FUNCTIONAL REPRODUCIBILITY AND FUNCTIONAL ATTAINABLE SET 
V - l . G e n e r a l D e f i n i t i o n s and P r o p e r t i e s 
C o n s i d e r t h e t i m e - i n v a r i a n t d y n a m i c a l sys tem £: 
x ( t ) = f ( x , u ) 
Z ( t ) = g ( x , u ) 
and d e n o t e t h e o u t p u t s o l u t i o n s u b j e c t t o i n i t i a l c o n d i t i o n x ( o ) = 
b y cp(x Q , u , t ) . 
The f o l l o w i n g norms a r e d e f i n e d a s measurement s t a n d a r d s : 
I f A i s a c o n s t a n t m a t r i x , t h e n A|A £ £ l a . . 1 , where a . . a r e 
e l e m e n t s of A, i s a v a l i d m a t r i x norm [ 2 0 ] . 
I f x i s a v e c t o r - v a l u e d f u n c t i o n d e f i n e d on [ o , oo), t h e n 
| | x | 14 s u p . | x ( t ) I i s a v a l i d norm. 
t e [o , °o ) 
I f x i s a k - t i m e s d i f f e r e n t i a b l e v e c t o r - v a l u e d f u n c t i o n on 
[o ,oo) , | | x | L = max J J x ^ ^ l l i s a norm, where 
o<i<k 
x ^ ^ i s t h e i - t h d e r i v a t i v e of 
The f o l l o w i n g d e f i n i t i o n i s a f t e r B r o c k e t t and M e s a r o v i c [ 2 ] , 
D e f i n i t i o n 1 
A homogeneous s o l u t i o n ^ . X y J2, ^) ° ^ "t^ e s y s t e m £ i s s a i d t o 
b e f u n c t i o n a l l y r e p r o d u c i b l e ( F . R . ) i f and o n l y i f f o r any T] > 0 and 
any T > 0 , t h e r e e x i s t s a 6 ( T ) , T ) > 0 such t h a t f o r e v e r y v_ 
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fe(-t) - 9 < V 0 , t ) | | p < 6(T] , T ) 
where p i s t h e d i m e n s i o n of t h e s t a t e s p a c e , t h e r e e x i s t s a f u n c t i o n u , 
| | u | | £ T)« such t h a t 9 ( x o > u , "0 = j ( t ) f o r e v e r y t i n [ 0 , T ] . 
I n t h e s e q u e l , we w i l l u s e F .R . i n s t e a d of f u n c t i o n a l l y r e p r o ­
d u c i b l e o r f u n c t i o n a l r e p r o d u c i b i l i t y . I n t u i t i v e l y s p e a k i n g , t h e F .R . 
of a g i v e n homogeneous s o l u t i o n c p ( x o > 0 , t ) means t h a t t h e r e a l w a y s 
e x i s t s a n e i g h b o r h o o d of tp(x >0>t) wh ich may depend on how much 
c o n t r o l e f f o r t we want t o u s e ( i . e . Tj), and how l o n g a t i m e we wan t t o 
c o n t r o l t h e o u t p u t ( i . e . j)> such t h a t a n y o u t p u t t r a j e c t o r y i n t h e 
n e i g h b o r h o o d can be r e a c h e d b y some bounded c o n t r o l f u n c t i o n u . The 
c o n c e p t of F . R . i s a l o c a l c o n c e p t , s i n c e o n l y t h e b e h a v i o r of t h e 
sys t em i n a s m a l l n e i g h b o r h o o d of a known s o l u t i o n i s d i s c u s s e d . 
The p u r p o s e o f u s i n g t h i s k i n d o f norm, || • | | ^ , i s t o e x c l u d e 
t h e p o s s i b i l i t y of i n v o l v i n g i m p u l s e i n p u t f u n c t i o n s . F o r example , 
f o r a s i n g l e - i n p u t , s i n g l e - o u t p u t l i n e a r sys t em w i t h t r a n s f e r f u n c t i o n 
~ o — ~ ( P = 2 ) , "k n e t r a j e c t o r i e s of t h e f o r m s , —~— ( o n e -
s + 3 s + 2 s + a s + b 
t i m e d i f f e r e n t i a b l e ) and — 7 — ( n o t d i f f e r e n t i a b l e a t t = 0 ) , c a n n o t 
' s + c x '' 
be g e n e r a t e d b y a n y bounded f u n c t i o n . So, i t i s m e a n i n g l e s s f o r F . R . , 
i f t h e r e s t r i c t i o n o f d i f f e r e n t i a b i l i t y were n o t made. 
I t i s n o t t r u e , i n g e n e r a l , t h a t F .R . means a n y d e s i r e d t r a ­
j e c t o r y w i t h a p p r o p r i a t e d i f f e r e n t i a b i l i t y can be r e a c h e d from a g i v e n 
homogeneous s o l u t i o n , a l t h o u g h i t w i l l be shown t o be t r u e f o r l i n e a r 
d y n a m i c a l s y s t e m s . 
D e f i n i t i o n 2 
A sys t em E i s s a i d t o be a F . R . sys t em i f and o n l y i f a l l of 
20 
i t s homogeneous s o l u t i o n s a r e F .R . 
A l t h o u g h i t •wi l l he shown t h a t f o r l i n e a r d y n a m i c a l s y s t e m s , 
F . R . i s homogeneous s o l u t i o n i n d e p e n d e n t , i t i s homogeneous s o l u t i o n 
d e p e n d e n t i n g e n e r a l . 
D e f i n i t i o n 3 
A t r a j e c t o r y y ( t ) i n t h e o u t p u t f u n c t i o n space i s s a i d t o he 
an a t t a i n a b l e t r a j e c t o r y from a g i v e n homogeneous s o l u t i o n cp(xQ^ 0, t ) 
i f f o r a n y T > 0 , t h e r e i s a bounded c o n t r o l u such t h a t 9 ( X Q ^ B-> "0 = 
y_(t) f o r a l l t i n [ 0 , T ] . 
I t w i l l be seen t h a t t h e r e a r e many s p e c i a l p r o p e r t i e s f o r 
l i n e a r d y n a m i c a l s y s t e m s . Now, c o n s i d e r i n g a l i n e a r d y n a m i c a l sy s t em 
S = [A, B, C, D ] , i t i s known t h a t t h e s o l u t i o n i s of t h e form [ 1 9 ] 
t 
j ( t ) = c $ ( t ) x + c j § ( t - T ) B u ( T ) d T + D u ( t ) 
o 
where $ ( t ) i s t h e f u n d a m e n t a l m a t r i x of t h e sys t em and X Q i s t h e g i v e n 
i n i t i a l s t a t e . 
Now, i t i s e a s y t o see t h a t ^ ( t ) i s a t t a i n a b l e from 9 ( X Q J 0 , t ) = 
£ § ( t ) x Q i f and o n l y i f E ( t ) 4 j ( " t ) ~ £ ^(*)2E 0 i s a t t a i n a b l e from 
cp(0, 0 , t ) = 0 . T h i s l e a d s t o t h e f o l l o w i n g t h e o r e m . 
Theorem 1 . A l i n e a r t i m e - i n v a r i a n t d y n a m i c a l sys t em 
S = [A, B, C, Dj i s F .R . i f and o n l y i f t h e z e r o homogeneous s o l u t i o n 
cp(0, 0 , t ) = 0 i s F .R . 
<3?roof>: The o n l y i f p a r t i s o b v i o u s . 
To show t h e i f p a r t , assume t h a t cp(o, 0 , t ) = 0 i s F .R . and 
assume t h e sys t em S i s n o t F .R . T h i s means t h a t t h e r e i s a homogeneous 
2 1 
s o l u t i o n cp(x * , 0 , t ) n o t F .R . By t h e l i n e a r p r o p e r t y of l i n e a r sy s t em, 
we can c l a i m t h a t f o r e v e r y e > 0 , t h e r e e x i s t s a t r a j e c t o r y J g f t ) 
| k e * ( t ) - cp ( x * , 0 , t ) |lp ^ e 
•which i s n o t a t t a i n a b l e from cp(x * , 0 , t ) . 
Then, "by t h e above o b s e r v a t i o n , t h i s i m p l i e s t h a t f o r a n y e > 0 , 
t h e r e e x i s t s E * ( t ) 4 j * ( t ) - cp(x *, 0 , t ) wh ich i s n o t a t t a i n a b l e 
S 6 O 
from cp(0, 0 , t ) = 0 . T h i s c o n t r a d i c t s t h e a s s u m p t i o n o f t h e F .R . of 
cp(0, 0 , t ) = 0 , 
The f o l l o w i n g t h e o r e m g i v e s an i n t u i t i v e e x p l a n a t i o n f o r F .R , 
i n t h e c a s e of l i n e a r d y n a m i c a l s y s t e m . 
Theorem 2 . A l i n e a r t i m e - i n v a r i a n t sys tem S = [A, B , C, D] i s 
F . R . i f and o n l y i f • any bounded p - t i m e s d i f f e r e n t i a b l e t r a j e c t o r y _y_(t) 
i s a t t a i n a b l e from t h e z e r o homogeneous s o l u t i o n cp(0, 0 , t ) = 0 . 
<Proof> : The i f p a r t i s t r i v i a l . Because t h a t i m p l i e s t h a t 
cp(0, 0 , t ) = 0 i s F . R . a n d , by Theorem 1 , i m p l i e s t h e sys t em S i s F .R . 
To show t h e o n l y i f p a r t , assume t h a t t h e r e i s some _y_*(t), 
| ^ * ( t ) | | = M < 0°, w h i c h i s n o t a t t a i n a b l e from cp(o, 0 , t ) = 0 , t h e n i t 
P 
can be s een t h a t t h e c l a s s of a l l t r a j e c t o r i e s e _ y * ( t ) , f o r a n y e > 0 , 
a r e n o t a t t a i n a b l e , by u s i n g t h e l i n e a r p r o p e r t y of l i n e a r s y s t e m . 
S i n c e e i s a r b i t r a r y , t h i s means i n a n y n e i g h b o r h o o d of 
cp(0, 0 , t ) , t h e r e i s a l w a y s some t r a j e c t o r y n o t a t t a i n a b l e . Hence, 
t h e z e r o homogeneous s o l u t i o n i s n o t F .R . and t h e sys t em i s n o t F .R. 
T h i s i s a c o n t r a d i c t i o n , so a n y p - t i m e s d i f f e r e n t i a b l e t r a j e c t o r y must 
be a t t a i n a b l e from cp(0, 0 , t ) . 
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By Theorem 1 and Theorem 2 , t h e c o r o l l a r y f o l l o w s : 
C o r o l l a r y 1: Given a l i n e a r t i m e - i n v a r i a n t d y n a m i c a l sys tem 
S = [A, B , C, D ] , i f t h e r e e x i s t s a homogeneous s o l u t i o n <p(xo> Q> ^ ) 
n o t F . R . , t h e n t h e r e e x i s t s no o t h e r homogeneous s o l u t i o n wh ich c o u l d 
he F .R . 
The f o l l o w i n g t h e o r e m w i l l c l a r i f y a q u e s t i o n t h a t i s : i f a 
l i n e a r t i m e - i n v a r i a n t d y n a m i c a l sys t em i s n o t F .R . on [ 0 , T ] > i s i t 
p o s s i b l e t o be F .R . on a s m a l l e r t i m e i n t e r v a l ? Here t h e F . R . on 
[ 0 , T ] i s a t r i v i a l e x t e n s i o n of t h e D e f i n i t i o n 1 i n V - l . 
Theorem 3 : I f S = [A, B , C_, D] i s n o t F .R . on some t i m e i n t e r ­
v a l [ 0 , T ] , t h e n i t i s n o t F .R . on a n y o t h e r t i m e i n t e r v a l . 
<Proof> : I t i s o b v i o u s t h a t S c a n n o t be F .R . on [ 0 , t ] [ 0 , T ] . 
Two o t h e r c a s e s a r e c o n s i d e r e d : 
( i ) [ 0 , T ' ] C [ 0 , T ] 
Suppose S i s F . R . on [ 0 , T ' ] . S i n c e t h e r e e x i s t s a f i n i t e 
i n t e g e r M, such t h a t M T ' ^ T, and t h e sys t em S i s t i m e - i n v a r i a n t . 
S s h o u l d be F .R . on [ T ' . 2 T ' ] , — , [ ( M - I ) T ' , M T ' ] and h e n c e shou ld 
be F . R . on [ 0 , T ] . 
T h i s l e a d s t o a c o n t r a d i c t i o n . 
( i i ) [ a , b j A [ 0 , T ] = cp 
U s i n g t h e t i m e - i n v a r i a n t p r o p e r t y of S, t h i s can be e a s i l y p r o v e d . 
V - 2 . R a t i o n a l F u n c t i o n Space w i t h R a t i o n a l F u n c t i o n F i e l d 
and F r e q u e n c y Domain C r i t e r i a 
S i n c e t h e e n t r i e s of t h e t r a n s f e r f u n c t i o n m a t r i x H(s ) a r e 
( p r o p e r ) r a t i o n a l f u n c t i o n s , i t would be s u f f i c i e n t t o c o n s i d e r t h e 
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s p a c e of r a t i o n a l f u n c t i o n s i n t h e f r e q u e n c y domain f o r t h e p u r p o s e of 
F .R . d i s c u s s i o n . One can see an i n f i n i t e - d i m e n s i o n a l p r o b l e m a r i s e s , 
i f t h e u s u a l r e a l f i e l d R i s u s e d . However, we a r e g o i n g t o d i s c u s s 
and j u s t i f y t h e u s e of t h e s e t of a l l r a t i o n a l f u n c t i o n s a s a f i e l d 
a s s o c i a t e d w i t h t h e v e c t o r s of r a t i o n a l f u n c t i o n s and t h e n can r e d u c e 
t h e i n f i n i t e - d i m e n s i o n a l p r o b l e m t o a f i n i t e - d i m e n s i o n a l p r o b l e m , and 
t h e r e f o r e we can d i s c u s s t h e p r o b l e m s i n a f i n i t e - d i m e n s i o n a l v e c t o r 
s p a c e . 
L e t 
F r 4 f f ( s ) | f ( s ) i s a r a t i o n a l f u n c t i o n i n complex s ] 
where by r a t i o n a l f u n c t i o n we mean a f u n c t i o n of t h e form p ( s ) / q ( s ) , 
where p ( s ) and q ( s ) a r e p o l y n o m i a l s i n s . 
S i n c e t h e sum and p r o d u c t of r a t i o n a l f u n c t i o n s a r e r a t i o n a l 
f u n c t i o n s and t h e r e c i p r o c a l of a r a t i o n a l f u n c t i o n i s w e l l - d e f i n e d 
and i s a l s o a r a t i o n a l f u n c t i o n , t h e lemma f o l l o w s . 
Lemma 1 : F r i s a f i e l d w i t h a d d i t i o n and m u l t i p l i c a t i o n d e f i n e d 
p o i n t w i s e l y a s f o l l o w s 
( f + g ) ( s ) = f ( s ) + g ( s ) 
( f . g ) ( s ) = f ( s ) . g ( s ) f o r a l l f and g i n F r 
Now, l e t d e n o t e t h e s e t of a l l n - t u p l e s of r a t i o n a l f u n c ­
t i o n s , i . e . 
V 1 = [ v ( s ) J v i s an n - t u p l e ; e a c h e n t r y v ^ ( s ) 
e F r , i = 1 , 2 , . . . , n ] 
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I f t h e s e t of r e a l numbers I s chosen a s t h e f i e l d a s s o c i a t e d 
.n w i t h V , an i n f i n i t e - d i m e n s i o n a l p r o b l e m a r i s e s . However, i f we choose 
F r a s t h e f i e l d , i . e . c o n s i d e r r a t i o n a l f u n c t i o n s f ( s ) a s s c a l a r s , t h e 
I n f i n i t e - d i m e n s i o n a l p r o b l e m can be r e d u c e d t o a f i n i t e - d i m e n s i o n a l 
o n e . 
Theorem 1: C o n s i d e r i n g e l e m e n t s v ( s ) of ^ a s v e c t o r s , and 
e l e m e n t s f ( s ) of F r a s s c a l a r s , and d e f i n i n g v e c t o r a d d i t i o n and s c a l a r 
m u l t i p l i c a t i o n p o i n t w i s e l y , t h e s e t w i t h t h e o p e r a t i o n s so d e f i n e d , 
i s an n - d i m e n s i o n a l v e c t o r space o v e r t h e f i e l d F r , wh ich i s d e n o t e d by 
(V 1 1 , F r ) . 
< P r o o f > : I t i s e a s y t o see t h a t ( V n , F r ) i s a v a l i d v e c t o r s p a c e . 
I t i s n - d i m e n s i o n a l b e c a u s e e a c h v ( s ) i n V*1 can be e x p r e s s e d a s 
a l i n e a r c o m b i n a t i o n of t h e n u n i t v e c t o r s e ^ e ^ , 
—n' i . e . 
v ( s ) = 
V s ) 
v 2 ( s ) 
v ( s ) n ' 
V 1 ^ S ) - 1 + v 2 ^ s ) - 2 + + v ( s ) e n x ' - n 
where 
> e2 = I 1 , e = —n 
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Note t h a t t h e s c a l a r s a r e e l e m e n t s of t h e r a t i o n a l f u n c t i o n 
f i e l d F r , and t h e r e f o r e e_ , e 0 , e form a b a s i s . > _ ] / —2' —n 
Nov, c o n s i d e r t h e l i n e a r t i m e - i n v a r i a n t d y n a m i c a l sy s t em 
S = [Aj B, C_, D] and r e s t r i c t ou r i n t e r e s t t o t h e L a p l a c e t r a n s ­
f o r m a b l e i n p u t s and o u t p u t s . As shown i n Theorem 1 , V - l , one can 
assume X Q = 0 w i t h o u t l o s s of g e n e r a l i t y , and t h e i n p u t and o u t p u t 
a r e r e l a t e d by 
y_(s) = H(s ) u ( s ) 
where H(s ) i s t h e t r a n s f e r f u n c t i o n m a t r i x and can be c o n s i d e r e d a s a 
l i n e a r o p e r a t o r from i n p u t f u n c t i o n space t o o u t p u t f u n c t i o n s p a c e . 
The f o l l o w i n g t h e o r e m which was u s e d by B r o c k e t t and M e s a r o v i c 
[ 2 ] w i t h o u t f o r m a l j u s t i f i c a t i o n i s t o be j u s t i f i e d from t h e f o r m a l ­
i z a t i o n of t h e n - d i m e n s i o n a l v e c t o r space (V 1 2 , F r ) . 
Theorem 2 : A g i v e n l i n e a r t i m e - i n v a r i a n t d y n a m i c a l sys tem 
S = [A* 5> Q.> I}] i s F . R . i f and o n l y i f t h e n x m t r a n s f e r f u n c t i o n 
m a t r i x H(s ) i s o f r a n k n s u b j e c t t o t h e r a t i o n a l f u n c t i o n f i e l d F r . 
<Proof> : S i n c e a l l t h e e n t r i e s o f H ( S ) b e l o n g t o F r , H(s ) i s 
of r a n k n means t h e r e d o e s n o t e x i s t a v e c t o r k ( s ) i n (v 1 1 , F r ) , k ( s ) j= 0, 
such t h a t 
k ' ( s ) H(s ) = 0 f o r a l l s 
From l i n e a r a l g e b r a , we know t h a t f o r such a m a t r i x H ( s ) , t h e r e 
e x i s t s a r i g h t i n v e r s e [ 2 1 ] , H J ^ ( s ) such t h a t 
H(s ) H ^ s ) = ^ 
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Hence f o r any bounded , p - t i m e s d i f f e r e n t i a b l e _yj(s) i n t h e o u t p u t 
s p a c e , t h e r e a l w a y s e x i s t a bounded u ( s ) i n t h e i n p u t s p a c e such t h a t 
Z ( s ) = H ( s ) u ( s ) 
More e x p l i c i t l y , u ( s ) = ^ " ' " ( s ) _yj(s) i s a v a l i d c o n t r o l . T h i s 
means cp(0, 0 , t ) = 0 i s F . R . , and by Theorem 1 , I V - 1 , t h e sys tem S i s 
F . R . 
The c o n v e r s e i s a l s o t r u e , s i n c e from f i n i t e - d i m e n s i o n a l v e c t o r 
s p a c e t h e o r y , "we know t h a t i f H(s ) h a s r a n k l e s s t h a n n , t h e number of 
i n d e p e n d e n t columns would be l e s s t h a n n and t h u s t h e r e e x i s t some _y_(s) 
n o t a t t a i n a b l e from cp(0, 0_, t ) = 0 . T h i s i s c o n t r a d i c t i o n , and t h e 
t h e o r e m i s p r o v e d . 
Now, we a r e t r y i n g t o d e f i n e i n n e r p r o d u c t on t h i s v e c t o r 
s p a c e . A l t h o u g h F r i s n o t an o r d e r e d f i e l d , a g e n e r a l i z e d i n n e r 
p r o d u c t < • , • > can s t i l l be d e f i n e d a s 
< . , - > : ( V ^ F r ) X ( V ^ F r ) - F r 
wh ich s a t i s f i e s t h e f o l l o w i n g p r o p e r t i e s f o r e v e r y x> ]£ a n d _z i n 
( A F r ) 
( a ) <x + _y_, z> = <x, z> + <y, z> 
( b ) <a x, z> = a <Sc, _z> f o r a l l a e F r 
( c ) < K , x> = < j , x> 
( d ) <x, x> = o n l y i f x = 0 
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I t f o l l o w s t h a t f o r e v e r y u( s ) and v ( s ) i n ( v 2 1 , F r ) , <U,y> = u T ( s ) y ( s ) 
i s a v a l i d g e n e r a l i z e d i n n e r p r o d u c t . 
Now, r e c a l l t h a t i f L i s a l i n e a r o p e r a t o r w h i c h maps an i n n e r 
p r o d u c t s p a c e X t o a n o t h e r i n n e r p r o d u c t s p a c e Y, t h e o p e r a t o r L* i s 
c a l l e d t h e a d j o i n t o p e r a t o r of L p r o v i d e d t h a t i t e x i s t s and s a t i s f i e s 
L* : Y - X 
and 
<Y, L x > y = <L*y, x > x f o r a l l x i n X 
_y i n Y 
F u r t h e r m o r e , i f X and Y a r e f i n i t e - d i m e n s i o n a l , t h e n R[L] = R[LL*] , 
where R[L] i s t h e r a n g e of L. 
B e s i d e s , i f L i s an n X m m a t r i x wh ich maps an m - d i m e n s i o n a l 
i n n e r p r o d u c t space X t o an n - d i m e n s i o n a l i n n e r p r o d u c t space Y, and 
t h e i n n e r p r o d u c t s a r e d e f i n e d a s 
<U, y > = u ' v f o r a l l u , v i n X o r Y 
t h e n 
e x i s t s and i s e q u a l t o L ' . [ 2 2 ] 
Now, a s s u m i n g t h a t H(s ) maps ( V ^ F r ) t o ( V ^ F r ) , i t f o l l o w s 
t h a t 
H*(s) = H ' ( s ) 
and 
R [ H ( s ) ] = R [ H ( s ) H ' ( s ) ] 
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and t h e r e f o r e H(s ) i s of r a n k n i f and o n l y i f t h e n x n m a t r i x 
H(s ) H ' ( S ) i s of r a n k n . From t h e f i n i t e - d i m e n s i o n a l t h e o r y , t h e 
c r i t e r i o n f o l l o w s . 
C o r o l l a r y 1 . ( F r e q u e n c y Domain C r i t e r i o n ) 
A l i n e a r t i m e - i n v a r i a n t sys t em S i s F .R . i f and o n l y i f 
d e t . [ H ( s ) H ' ( s ) ] =J= 0 e x c e p t f i n i t e l y many s . 
One can s ee t h a t t h e p r o b l e m of F .R . a r i s e s o n l y when t h e 
sys t em h a s m u l t i p l e o u t p u t s . T h i s i s b e c a u s e f o r s i n g l e o u t p u t sys tem 
r a n k H(s ) = 1 = n a l w a y s . B e s i d e s , a n e c e s s a r y c o n d i t i o n f o r F .R . i s 
t h a t t h e number of o u t p u t s c a n n o t exceed t h e number of i n p u t s , t h a t i s 
n mus t be l e s s t h a n o r e q u a l t o m. 
I n p r a c t i c a l d e s i g n work , H(s ) i s u s u a l l y g i v e n i n s t e a d of A, 
B, C and D; t h e r e f o r e f o r s m a l l d i m e n s i o n m a t r i x H ( s ) , t h e f r e q u e n c y 
domain c r i t e r i o n i s r a t h e r f e a s i b l e and e a s y f o r hand c a l c u l a t i o n . 
An i n t e r e s t i n g c r i t e r i o n [ 2 ] f o r o u t p u t c o n t r o l l a b i l i t y which 
i s p a r a l l e l t o t h e c r i t e r i o n f o r F .R . i n t h a t t h e sys t em S i s o u t p u t 
c o n t r o l l a b l e i f and o n l y i f t h e r e d o e s n o t e x i s t a c o n s t a n t v e c t o r X 
s u c h t h a t 
_ \ 'H(s ) = 0 f o r a l l s 
Hence , o u t p u t c o n t r o l l a b i l i t y i s a n e c e s s a r y c o n d i t i o n f o r F .R . 
V - 3 . Rank and B a s i s of t h e T r a n s f e r F u n c t i o n M a t r i x 
I n p r e v i o u s w o r k s , o n l y t h e F . R . was emphas ized and d i s c u s s e d . 
A c t u a l l y s i n c e many s y s t e m s a r e n o t F . R . , i n o r d e r t o s t u d y t h e 
c a p a b i l i t y o r f u n c t i o n a l a t t a i n a b i l i t y of a g i v e n s y s t e m , one h a s t o 
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f i n d o u t t h e r a n k and t h e column b a s i s of t h e t r a n s f e r f u n c t i o n m a t r i x 
H ( s ) . 
B e f o r e d i s c u s s i n g t h e d e t a i l s , t h e f o l l o w i n g o b s e r v a t i o n i s 
made: 
I f t h e n x n t r a n s f e r m a t r i x H( s ) i s of r a n k n - £ , where max. 
( o , n - m ) ^ t < min . ( n , m ) , t h e n t h e r a n k of t h e ( p + l ) n X ( 2p + l )m 
c o n s t a n t m a t r i x M i s g r e a t e r o r e q u a l t o (n - £ ) ( p + l).» where 
M = 
P 
D CB CAB • • • C A P " 1 B CAPB CA' 2 p - l 3 
0 D CB . . . C A P " 2 B C A P - 1 B • • • C A 2 p " 2 B 
0 0 D CB CA 
and was u s e d a s a c r i t e r i o n m a t r i x f o r F .R . b y B r o c k e t t and M e s a r o v i c 
[ 2 ] i n such a way t h a t H(s ) i s of r a n k n i f and o n l y i f M i s of r a n k 
(p + l ) n . 
T h i s i s t r u e b e c a u s e i f H( s ) i s of r a n k n—t, t h e n t h e r e e x i s t s 
an (n - V) X m sub m a t r i x H s ^ ( s ) w i t h l i n e a r l y i n d e p e n d e n t r o w s . 
C o r r e s p o n d i n g l y , t h e r e e x i s t s u b m a t r i c e s C ^ and D^,.,-^ such t h a t •sub' 
* L ^ ( S ) = ^ ( I S - A ) - 1 B + D -sub 1 -sub sub 
and t h e r e f o r e , by B r o c k e t t and M e s a r o v i c ' s c r i t e r i o n , t h e s u b m a t r l x 
M of M which i s g e n e r a t e d by A, B , C , and D _ h a s r a n k (n - l) 
P -sub 
( p + l ) . T h u s , t h e r a n k of M i s g r e a t e r o r e q u a l t o ( n - £ ) ( p + l ) • 
From t h i s o b s e r v a t i o n , t h e f o l l o w i n g s t a t e m e n t can b e made: 
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I f t h e r a n k of M i s l e s s t h a n o r e q u a l t o (n - £ ) ( p + l ) , t h e n 
t h e r a n k of H(s ) i s n o t g r e a t e r t h a n n - t . 
T h i s p r o v i d e s u s w i t h an e s t i m a t e ( u p p e r hound) of t h e r a n k of 
H( s ) w h i c h i s h e l p f u l when t h e sys t em i s of l a r g e s i z e . 
The p r o c e d u r e f o r f i n d i n g t h e r a n k and b a s i s of H(s ) c o u l d be a s 
f o l l o w s : 
1 . I f t h e sy s t em s i z e i s s m a l l and i f t h e t r a n s f e r f u n c t i o n 
m a t r i x i s g i v e n o r i s e a s y t o c a l c u l a t e , u s e t h e f r e q u e n c y domain 
a p p r o a c h . More s p e c i f i c a l l y , i f n > m, t h e r a n k of H(s ) can n o t exceed 
m and i s o b v i o u s l y l e s s t h a n n . T h u s , check t h e l i n e a r i n d e p e n d e n c y of 
t h e column v e c t o r s of H(s ) b y c a l c u l a t i n g d e t [ H ^ s ) H ( s ) ] t o s ee i f i t 
i s z e r o o r n o t . I f n o t , t h e r a n k of H(s ) i s m. (No te t h a t t h i s 
c r i t e r i o n i s d i f f e r e n t from t h a t i n V-2 wh ich was u s e d f o r row i n d e p e n ­
d e n c e c h e c k ) . I f i t v a n i s h e s , u s e t h e same c r i t e r i o n t o check t h e 
s u b - m a t r i c e s J l g ^ C 1 3 ) w h i c h a r e o b t a i n e d by d e l e t i n g one column e a c h 
t i m e , u n t i l one s u b m a t r i x w i t h i n d e p e n d e n t columns i s found . Then 
t h e r a n k o f H(s ) i s e q u a l t o t h e number of columns of t h i s s u b - m a t r i x 
wh ich i s a l s o t o be t h e b a s i s m a t r i x of H ( s ) . 
I f n < m, u s e t h e c r i t e r i o n i n V-2 t o check t h e r a n k of H ( s ) . 
I f i t e q u a l s n , s t o p . I f n o t , u s e t h e c r i t e r i o n d e t [ H ' ( s ) H ( s ) ] £ 0 
t o check t h e l i n e a r i n d e p e n d e n c y of t h e column v e c t o r s of an n x ( n - l ) 
s u b - m a t r i x S g ^ C 1 3 ) o f H(s ) and so on . 
2 . I f t h e sy s t em s i z e i s t o o l a r g e f o r hand c a l c u l a t i o n , u s e 
a n y o f t h e p a r a m e t e r m a t r i x c r i t e r i a [ 2 , 6 , 1 4 , l 6 , I T ] . I t i s s u g ­
g e s t e d t o f i n d an u p p e r bound f o r t h e r a n k of H( s ) f i r s t , s a y b , u s i n g 
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t h e above o b s e r v a t i o n . Then t h e b a s i c p r i n c i p l e i s a s b e f o r e , e x c e p t 
t h a t c o r r e s p o n d i n g t o t h e d e l e t i o n of columns of H ( s ) , t h e r e a r e two 
n x b s u b - m a t r i c e s B ^ and ^ s u ^ ^ y d e l e t i n g c o r r e s p o n d i n g columns of 
B and D such t h a t 
H , ( s ) = C ( I S - A ) " 1 B , + D , —sub x ' — —' —sub —sub 
Then a n y p a r a m e t e r m a t r i x c r i t e r i o n can be u s e d . The p r o c e ­
d u r e w i l l s t o p when f i r s t t i m e a s u b m a t r i x ^ ( s ) ( o r B ^ , D ) 
w i t h i n d e p e n d e n t columns i s f ound , and t h a t m a t r i x w i l l be c a l l e d t h e 
b a s i s m a t r i x of H ( s ) wh ich i s t o s e r v e a s a g e n e r a t o r f o r a t t a i n a b l e 
o u t p u t s , and i s d e n o t e d by H ^ ( s ) . 
V - 4 . R a t i o n a l F u n c t i o n a l - a t t a i n a b l e S e t 
I n t h i s s e c t i o n , t h e a t t a i n a b l e r a t i o n a l o u t p u t f u n c t i o n s w i l l 
be c h a r a c t e r i z e d , b u t n o t a l l t h e r a t i o n a l f u n c t i o n s i n t h e r a n g e of 
H( s ) can be a t t a i n e d . F i r s t o f a l l , t h e c o n c e p t o f a d m i s s i b l e i n p u t 
and o u t p u t f u n c t i o n s i s i n t r o d u c e d . 
D e f i n i t i o n 1 
A r a t i o n a l i n p u t f u n c t i o n u ( s ) f o r a l i n e a r t i m e - i n v a r i a n t 
d y n a m i c a l sy s t em S = [A, B, C, D] i s s a i d t o be a d m i s s i b l e , i f e a c h 
e l e m e n t of u ( s ) i s a p r o p e r r a t i o n a l f u n c t i o n o r z e r o , i . e . t h e d e g r e e 
o f t h e d e n o m i n a t o r p o l y n o m i a l i s g r e a t e r t h a n t h e d e g r e e of t h e 
n u m e r a t o r p o l y n o m i a l . 
A r a t i o n a l f u n c t i o n i n t h e r a n g e of H(s ) i s s a i d t o be 
a d m i s s i b l e , i f i t i s g e n e r a t e d by some a d m i s s i b l e i n p u t u ( s ) . 
The p u r p o s e of t h i s r e s t r i c t i o n i s t o e x c l u d e t h e p o s s i b i l i t y 
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of i m p u l s e i n p u t f u n c t i o n s ( f o r i n s t a n c e , t h e d e l t a f u n c t i o n i n t h e 
f r e q u e n c y domain i s e q u a l t o 1 wh ich i s n o t p r o p e r r a t i o n a l ) and t h e 
a d m i s s i b l e i n p u t f u n c t i o n so d e f i n e d i s bounded i n a n y f i n i t e t i m e 
i n t e r v a l . 
By d e f . 3 i n V - l , t h e r a t i o n a l f u n c t i o n a l - a t t a i n a b l e s e t A^(X ) , 
f o r g i v e n i n i t i a l s t a t e X , i s 
A r ( X Q ) k f z ( s ) | v ( s ) = cp(x Q , u , t ) , some u e ( v ^ - F r ) , 
u i s a d m i s s i b l e 
On t h e o t h e r h a n d , t h e s e t of a l l r a t i o n a l f u n c t i o n s -which a r e 
g e n e r a t e d b y some r a t i o n a l i n p u t f u n c t i o n s u b j e c t t o t h e i n i t i a l c o n ­
d i t i o n x , i s t h e s e t 
—o 
V r ( x 0 ) 4 c ( l S - A ) " 1 x o + R [ H B ( s ) ] 
wh ich i s a l i n e a r v a r i e t y ( m a n i f o l d ) i n ( V n , F r ) . 
I t s h o u l d be n o t e d t h a t t h e s e t of a l l p r o p e r r a t i o n a l f u n c t i o n s 
i s n o t a f i e l d , s i n c e t h e r e c i p r o c a l of a p r o p e r r a t i o n a l i s n o t 
p r o p e r a n y m o r e , and t h e s e t of a l l p r o p e r r a t i o n a l u ( s ) i n ( V m , F r ) 
i s n o t a s u b s p a c e . Thus , t h e r a t i o n a l f u n c t i o n a l - a t t a i n a b l e s e t 
A ( x ) c a n n o t be a s u b s p a c e b u t a s u b s e t embedded i n V ( x ) . 
—r —o r —o 
W i t h o u t l o s s of g e n e r a l i t y , assume x = 0 , t h e n V (o ) i s a 
—o r — 
s u b s p a c e i n ( V n , F r ) and t h e who le s p a c e can be decomposed a s t h e d i r e c t 
sum of V ( o ) and i t s o r t h o g o n a l complement V —(o) , i . e . 
v 1 1 = v r ( o ) © v r J - ( o ) . 
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Any r a t i o n a l j ( s ) i n ( V ^ F r ) can "be decomposed i n t o two 
o r t h o g o n a l p a r t s , i . e . 
Z ( s ) = Z r ( s ) + Z r ~ ( s ) 
where j £ r ( s ) i n v"r(p_) and J£ -^(s) i n V ^ C Q ) * a n ^ Z r "^"( s ) ^ s c a l l e d t h e 
u n r e a c h a b l e component . Any ( a d m i s s i b l e ) r a t i o n a l j ( s ) i s a t t a i n a b l e 
i f and o n l y i f i t c o n t a i n s no u n r e a c h a b l e component . 
V - 5 . O u t p u t T r a j e c t o r y T e s t 
I f t h e sy s t em i s n o t F .R . i n t h e f u l l s e n s e of t h e t e r m , t h e 
f o l l o w i n g q u e s t i o n i s of i n t e r e s t : 
I s a d e s i r e d o u t p u t t r a j e c t o r y ^ * ( t ) a t t a i n a b l e b y t h e l i n e a r 
t i m e - i n v a r i a n t sys t em S from a homogeneous s o l u t i o n q>{x > 0 , t ) ? 
To answer t h i s q u e s t i o n , i t i s n e c e s s a r y t o : 
1 . D e f i n e E ( s ) | j r * ( s ) - C ( l S - A ) " 1 X Q and add E ( s ) t o t h e 
b a s i s m a t r i x Hg(s ) t o form an augmented m a t r i x H^(s ) 
H A ( s ) 4 [ E ( s ) : ^ g ( s ) ] 
2 . Check t h e l i n e a r d e p e n d e n c y of t h e columns of H ^ ( s ) °y 
d e t [ H ^ ( s ) H A ( s ) ] = 0? 
I f y e s , t h e n _yj*(s) i s a t t a i n a b l e from cp(x Q , 0 , t ) . O t h e r w i s e , 
i t i s n o t . 
I f t h e s i z e of t h e sys t em i s t o o l a r g e f o r hand c a l c u l a t i o n , 
u s e a n y s t a n d a r d c a n o n i c a l r e a l i z a t i o n [ 1 9 ] t o f i n d o u t [ A a ^ B a , C _ a , D a ] 
such t h a t 
3 ^ 
H A ( s ) = C ( IS-A ) _ 1 B + D —A —a, —a' —a —a 
S i n c e e a c h e l e m e n t s of H ^ ( s ) i - s ( p r o p e r ) r a t i o n a l , t h e 
r e a l i z a b i l i t y of H^(s ) i s g u a r a n t e e d . 
Then a n y p a r a m e t e r m a t r i x c r i t e r i o n can he a p p l i e d t o c h e c k 
t h e l i n e a r d e p e n d e n c y of t h e co lumns of H f l ( s ) . 
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CHAPTER VI 
INPUT FUNCTIONAL OBSERVABILITY AND DUALITY 
I t a r i s e s i n many c a s e s , t h a t t h e o n l y m e a s u r a b l e q u a n t i t y from 
a dynamic s y s t e m i s t h e o u t p u t f u n c t i o n . However, f r e q u e n t l y , we would 
l i k e t o know t h e n o n - m e a s u r a b l e i n p u t f u n c t i o n u ( t ) from t h e knowledge 
of t h e o b s e r v e d o u t p u t jv_(t). Fo r i n s t a n c e , t h i s can happen i n t h e i n ­
f o r m a t i o n r e c o v e r y p r o b l e m i n c o d i n g t h e o r y , i n a d a p t i v e f i l t e r i n g and 
c o n t r o l , and may p l a y an i m p o r t a n t r o l e i n t h e d i a g n o s t i c t e c h n i q u e s 
b o t h i n e n g i n e e r i n g and b i o - m e d i c a l a p p l i c a t i o n i n t h e n e a r f u t u r e . 
The c a p a b i l i t y of u n i q u e l y d e t e r m i n i n g t h e i n p u t f u n c t i o n from 
t h e knowledge of t h e o u t p u t f u n c t i o n i s c a l l e d t h e i n p u t f u n c t i o n a l 
o b s e r v a b i l i t y ( w i l l be a b b r e v i a t e d a s I . F . O . i n t h e s e q u e l ) wh ich i s 
a n o t h e r t e r m f o r i n v e r t i b i l i t y i n o t h e r l i t e r a t u r e s . 
Hence , i f a g i v e n sys t em S i s I . F . O . , t h e n we can d e s i g n an 
i n v e r s e sy s t em S*, p o s t - c a s c a d e d w i t h S such t h a t t h e o u t p u t of 
would be t h e unknown i n p u t of S [ 6 ] , 
However, t h e r e have seemed t o have two d i f f e r e n t t y p e s of 
i n v e r s e b e i n g u s e d i n t h e l i t e r a t u r e [ 6 ] . 
One i s t h e i n v e r s e m e n t i o n e d a b o v e , c a l l e d t h e p o s t - i n v e r s e s y s ­
tem and i s r e f e r r e d t o a s i n v e r s e sy s t em i n t h i s work . I n d i a g r a m , i . e . 
u ( t ) = ? Z ( t ) u ( t ) 
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A n o t h e r k i n d i s c a l l e d p r e - i n v e r s e which i s p r e - c a s c a d e d w i t h t h e g i v e n 
sys t em S such t h a t we can g e n e r a t e a n y a d m i s s i b l e o u t p u t f u n c t i o n _y(t) 
o f S by f e e d i n g t h e s i g n a l _y(t) i n t o ^ r e ' I n d i a g r a m , i . e . 
u ( t ) = 1 i ( t ) 
- / p r e , - 7 -7 
The e x i s t e n c e of p r e - i n v e r s e i s j u s t t h e f u n c t i o n a l r e p r o ­
d u c i b i l i t y and t h e p r e - i n v e r s e sy s t em i s r e f e r r e d t o a s f u n c t i o n 
g e n e r a t o r i n t h i s work . 
D e f i n i t i o n 1: 
A l i n e a r t i m e - i n v a r i a n t sys tem S = [A, B, C_, D] i s s a i d t o be 
i n p u t f u n c t i o n a l l y o b s e r v a b l e ( i . F . O , ) i n t i m e i n t e r v a l [^Q^^-|_] ^ 
and o n l y i f we can e x a c t l y r e c o g n i z e t h e i n p u t f u n c t i o n u ( t ) o v e r 
[ t y t ^ ] by t h e knowledge of o u t p u t f u n c t i o n j ^ ( t ) o v e r [ ^ 0 J ^ - | _ ] a n ( 3 -
t h e i n i t i a l s t a t e x . 
—o 
T h i s d e f i n i t i o n i s a l s o v a l i d f o r t i m e - v a r y i n g s y s t e m s . We 
a r e g o i n g t o p r o v e t h a t I . F . O . i s t i m e i n t e r v a l i n d e p e n d e n t f o r t i m e -
i n v a r i a n t s y s t e m . W i t h o u t l o s s of g e n e r a l i t y , l e t u s assume t h a t 
X Q = 0 , t h e n t h e i n p u t u ( t ) and o u t p u t _y(t) a r e r e l a t e d by 
z ( t ) = J C $ ( t - T ) u ( T ) d T + D u ( t ) t e [ t , t x ] 
t 
o 
D e f i n e t h e l i n e a r o p e r a t o r L by 
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* 1 
(L u ) ( t ) 4 f C S ( t - T ) U ( T ) d T + D u ( t ) 
J t " 
o 
= z ( t ) t e [ t ^ ] 
Now, i f we c a n n o t e x a c t l y r e c o g n i z e t h e i n p u t u ( t ) by o b s e r v i n g j ( t ) 
o v e r C ^ t ^ ] , t h a t means t h e r e e x i s t U-^(t) and u , p ( t ) , u -^( t ) ^ H ^ X ^ 
a l m o s t e v e r y w h e r e ( i . e . u ^ ( t ) c a n ^ e e q u a l "to u ,p ( t ) o n l y on a s e t of 
m e a s u r e o) such t h a t 
L u ^ = L u_2 
= I 
o r e q u i v a l e n t l y , t h e r e e x i s t s an U Q =j= 0 a l m o s t e v e r y w h e r e ( a . e . ) 
u ^ u _ u 
—o ~ —1 — d 
such t h a t 
L u = 0 —o — 
Thus we can make t h e f o l l o w i n g d e f i n i t i o n . 
D e f i n i t i o n 2 : 
Given a l i n e a r t i m e - i n v a r i a n t sys t em S = [A^ C_, D ] , an i n p u t 
f u n c t i o n u ( t ) £ 0 a . e . i s s a i d t o be n o n - d e d u c i b l e o v e r t-^] i f f 
(L u ) ( t ) = 0 V t e [ t ^ ] 
The f o l l o w i n g t h e o r e m f o l l o w s t r i v i a l l y . 
Theorem 1: A l i n e a r t i m e - i n v a r i a n t System S i s I . F . O . o v e r 
[ t , t ] i f and o n l y i f t h e r e i s no n o n - d e d u c i b l e i n p u t f u n c t i o n 
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o v e r f t , t _ ] . L o 1 
Now, we a r e g o i n g t o p r o v e t h a t I . F . O . i s t i m e i n d e p e n d e n t f o r 
l i n e a r t i m e - i n v a r i a n t s y s t e m . 
Theorem 2 : A l i n e a r t i m e - i n v a r i a n t sy s t em S i s I . F . O . on [ c , d ] 
i f and o n l y , i f i t i s I . F . O . on [ a , b ] , where [ a , b ] [ c , d ] . 
<Proof> : Suppose S were n o t I . F . O . on [ a , b ] t h e n , by Theorem 1 , 
t h e r e e x i s t s a U Q ( t ) , t e [ a , b ] such t h a t 
(L U Q ) ( t ) = 0 t e [ a , b ] 
Thus f o r any g i v e n _y(t) on [ c , d ] , t h e u ( t ) such t h a t 
Z ( t ) = (L u ) ( t ) t e [ c , d ] 
i s n o t u n i q u e , s i n c e t h e r e i s a n o t h e r u ' ( t ) 
u ' ( t ) A r u ( t ) + u Q ( t ) t e [ a , b ] 
[ u ( t ) t e [ c , d ] - [ a , b ] 
such t h a t 
(L u ' ) ( t ) = Z ( t ) on [ c , d ] 
On t h e o t h e r h a n d , u s i n g t h e t i m e - i n v a r i a n t p r o p e r t y of t i m e -
i n v a r i a n t s y s t e m , we can s e e t h a t S i s I . F . O . on [ a , b ] i m p l i e s t h a t 
S i s I . F . O . on [ c , b - a + c ] . 
Then, r e p e a t i n g t h e a rgumen t M t i m e s , where M(b-a) > ( d - c ) , we 
c a n c o n c l u d e t h a t S i s I . F . O . on [ c , d ] t o o . 
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T h i s t h e o r e m s a y s t h a t i f S i s I . F . O . on [O .T] t h e n i t i s I . F . O . 
on any s u b - i n t e r v a l of [ O . T ] . 
W i t h o u t l o s s of g e n e r a l i t y , i n t h e f o l l o w i n g d i s c u s s i o n , when 
we s a y S i s I . F . O . , we mean S i s I . F . O . on [0,00) . Now, l e t u s c o n ­
s i d e r t h e f r e q u e n c y domain v e r s i o n a g a i n . 
As i n p u t f u n c t i o n u( s) i s s a i d t o be , r n o n - d e d u c i b l e " i f and 
o n l y i f 
H( s ) U ( S ) = 0 f o r a l l s 
where H(s ) i s t h e t r a n s f e r f u n c t i o n m a t r i x of t h e sys t em S. 
Theorem 3» A l i n e a r t i m e - i n v a r i a n t sys tem S = [A B C D ] i s 
I . F . O . i f and o n l y i f t h e r a n k of t h e n x m t r a n s f e r f u n c t i o n m a t r i x 
H ( s ) i s m. ( o v e r t h e r a t i o n a l f u n c t i o n f i e l d F r ) 
<Proof> : By Theorem 1 and Theorem 2 , we know t h a t S i s I . F . O . 
i f and o n l y i f t h e r e e x i s t s no i n p u t f u n c t i o n u ( s ) such t h a t 
H(s ) U ( S ) = 0 f o r a l l s 
S i n c e t h e e l e m e n t s of H(s ) a r e ( p r o p e r ) r a t i o n a l s , t h i s i s 
e q u i v a l e n t t o t h a t H ( s ) i s of r a n k m o v e r t h e r a t i o n a l f u n c t i o n f i e l d 
F r , o r , a l t e r n a t e l y , t h e column v e c t o r s of H ( S ) a r e l i n e a r l y i n d e ­
p e n d e n t . 
C o r o l l a r y 1 : The l i n e a r t i m e - i n v a r i a n t sy s t em S i s I . F . O . i f 
and o n l y i f 
d e t . [ H ' ( s ) H ( s ) ] £ 0 e x c e p t f i n i t e l y many s 
ho 
I n c o n t r a s t t o t h e c a s e o f F . R . , a n e c e s s a r y c o n d i t i o n of I . F . O . 
i s t h a t t h e number of i n p u t v a r i a b l e s c a n n o t exceed t h e number of 
o u t p u t v a r i a b l e s , ( i . e . n > m) . T h u s , a sys tem can be b o t h F .R . and 
I . F . O . , o n l y i f i t h a s e q u a l numbers of i n p u t v a r i a b l e s and o u t p u t 
v a r i a b l e s . Note t h a t a sys t em w i t h o n l y one i n p u t v a r i a b l e i s a l w a y s 
I . F . O . 
Now, suppose t h a t u ( s ) i s an a d m i s s i b l e r a t i o n a l f u n c t i o n , 
t h e n u ( s ) i s s a i d t o be n o n - d e d u c i b l e i f 
u ( s ) e N [ H ( s ) ] 
where 
N [ H ( s ) ] = n u l l space of H(s ) i n (V®, F r ) . 
By t h e f o l l o w i n g d e f i n i t i o n , t h e space (V3 1 1, F r ) w i l l be decom­
p o s e d a s t h e d i r e c t sum of N [ H ( s ) ] and i t s o r t h o g o n a l complement . 
D e f i n i t i o n 3 : 
An ( a d m i s s i b l e ) r a t i o n a l i n p u t f u n c t i o n u ( s ) i s s a i d t o be 
d e d u c i b l e i f u ( s ) i s o r t h o g o n a l t o t h e n u l l space of H ( s ) , I . e . 
u ( s ) 1 N [ H ( s ) ] 
o r 
i 
u ( s ) e N [ H ( s ) ] = t h e o r t h o g o n a l complement of N [ H ( s ) ] . 
The s t a t e m e n t t h a t u ( s ) i s d e d u c i b l e a c t u a l l y means t h a t u ( s ) 
c o n t a i n s no n o n - d e d u c i b l e component . 
The f o l l o w i n g t h e o r e m w i l l r e l a t e d F .A. and I . F . O . i n a d u a l 
s e n s e . 
hi 
Theorem k ( D u a l ) : The l i n e a r t i m e - i n v a r i a n t sys tem 
S = [A* -BJ ^ ] ^ s F .R . i f and o n l y i f t h e l i n e a r t i m e - i n v a r i a n t 
a d j o i n t sy s t em S* = [ A ' , C ' , B ' , D«] i s I . F . O . 
Moreove r , t h e r a t i o n a l o u t p u t t r a j e c t o r y j ( t ) = r ( t ) i s 
a t t a i n a b l e from cp(_0, 0 , t ) = 0 , h y t h e sys t em S, i m p l i e s t h a t t h e 
r a t i o n a l f u n c t i o n w ( t ) = r ( t ) i s d e d u c i h l e from t h e o u t p u t of t h e 
a d j o i n t sys t em S-*, 
r £ ( t ) = A'p_(t) + c» w ( t ) 
[ y ( t ) = B'p_(t) + D' w ( t ) 
p_(0) = 0 
<Proof> : Note t h a t t h e t r a n s f e r f u n c t i o n m a t r i x of t h e a d j o i n t 
s y s t e m i s 
H*(s) = B ' ( I S - A ' ) " 1 C' + D' 
= [ C ( I S - A ) " 1 B + D ] ' 
= H ' ( s ) 
where H ' ( s ) i s t h e t r a n s p o s e of H(s ) and i s t h e a d j o i n t o p e r a t o r of 
H ( S ) . 
By Theorem 3 ; "the sys tem i s I . F . O . i f and o n l y i f t h e m x n 
t r a n s f e r m a t r i x H*(s) i s of r a n k n . T h i s i s e q u i v a l e n t t o t h a t t h e 
n x m m a t r i x H(s ) i s of r a n k n which i s a n e c e s s a r y and s u f f i c i e n t 
c o n d i t i o n (Theorem 2 , V-2) f o r t h e s y s t e m S b e i n g F .R . 
Wi th r e g a r d t o t h e second p a r t of t h e t h e o r e m , a r a t i o n a l 
k2 
t r a j e c t o r y _y_(t) = r ( t ) i s a t t a i n a b l e from cp(0, 0 , t ) = 0 , by t h e 
System S, i f and o n l y i f 
Z ( s ) e R [ H ( s ) ] 
and v . ( s ) = . r_(s) i s a d m i s s i b l e 
w h i c h i m p l i e s t h a t 
v.(s) = r ( s ) e ] / [ H ' ( s ) ] 
T h u s , by D e f i n i t i o n 3 ; r ( t ) i s a t t a i n a b l e by S i m p l i e s r ( t ) 
i s d e d u c i b l e b y S*. 
Note t h a t due t o t h e r e s t r i c t i o n of a d m i s s i b i l i t y , t h e c o n v e r s e 
o f t h e second p a r t of t h e t h e o r e m d o e s n o t h o l d . 
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CHAPTER V I I 
INVERSE SYSTEMS 
As m e n t i o n e d i n V I , t h e m o t i v a t i o n of t h e s t u d y of 
i n v e r t i b i l i t y ( I . F . O . ) i s t o s e e i f we can f i n d o u t t h e unknown 
i n p u t from t h e measurement of o u t p u t . However, t h i s p u r p o s e can be 
a c h i e v e d by u s i n g a d e v i c e c a l l e d " i n v e r s e s y s t e m " p r o v i d e d t h a t t h e 
g i v e n l i n e a r dynamic sys t em i s I . F . O . 
T h e r e have b e e n many a l g o r i t h m s f o r i n v e r s e s y s t e m s d e s i g n 
[ 1 4 , l 6 , l 8 ] . The common c h a r a c t e r i s t i c s of t h o s e a l g o r i t h m s a r e t h e 
u s e of s y s t e m c o e f f i c i e n t m a t r i c e s A, B, C and D, such t h a t t h e y a r e 
f e a s i b l e f o r l a r g e - s i z e d sys t em c a l c u l a t i o n . 
However, we a r e g o i n g t o s o l v e t h i s p r o b l e m by f r e q u e n c y - d o m a i n 
a p p r o a c h w h i c h i s f e a s i b l e f o r many p r a c t i c a l d e s i g n work and f o r 
s m a l l - s i z e d hand c a l c u l a t i o n , and i s e a s i e r t o u n d e r s t a n d . 
Suppose S i s I . F . O . , and a s sume : 
( i ) —(s) ^S a s ^ u a r e m a t r i x (n = m ) : 
The i n v e r s e sys t em K(. s ^ i s J u s t H " ^ S ) J a n ^ - ^ n e unknown i n p u t 
U/ v can be o b t a i n e d by p o s t - c a s c a d i n g H/ x w i t h H/ \ . - ( s ) * * 6 - ( s ) - ( s ) 
( i i ) H i s a r e c t a n g u l a r m a t r i x (n > m ) : 
( s ) 
S i n c e S i s I . F . O . , b y Theorem 3 ; IV-B, t h e r a n k of H ( s ) i s m > 
Hence , t h e l e f t i n v e r s e of j 5 ( s ) e x i s t s b u t n o t u n i q u e [ 2 1 ] . One of 
t h e l e f t i n v e r s e i s 
kk 
such t h a t 
H T _ 1 ( s ) H( s ) = I —L x ' —v ' m 
—1 ^ 
Thus we can u s e ( s ) a s t h e i n v e r s e sy s t em H ( s ) . 
A n o t h e r method i s t o f i n d o u t m l i n e a r l y i n d e p e n d e n t rows from 
H ( s ) , and t h e n we g e t an m x m n o n - s i n g u l a r s u b - m a t r i x of H ( s ) . The 
i n v e r s e m a t r i x of t h i s s u b - m a t r i x can be an i n v e r s e sys t em of H ( s ) . 
Somet imes , t h e g i v e n sys t em S i s n o t I . F . O . owing t o t h e f a c t 
t h a t t h e number of i n p u t v a r i a b l e s i s g r e a t e r t h a n t h e number of o u t p u t 
v a r i a b l e s . B u t , i f some of t h e i n p u t v a r i a b l e s a r e known, t h e n t h e i r 
e f f e c t s can be s u b t r a c t e d from t h e o u t p u t , and p o s s i b l y t h e r e d u c e d 
s y s t e m c o u l d be I . F . O . 
One i m p o r t a n t q u e s t i o n i s t h a t i s t h e i n v e r s e sy s t em a dynami ­
c a l sys tem? 
The q u e s t i o n can be c o n s i d e r e d by two c a s e s : 
( i ) The s y s t e m i s of t h e form S = [A, B, C, D ] , D j= 0 : 
The answer i s t h a t t h e i n v e r s e s y s t e m S i s a d y n a m i c a l s y s t e m , 
and i s of t h e same form a s S, i . e . 
S = [A, B , C, D] . 
( i i i ) The s y s t e m i s of t h e form S = [A, B, C, D ] , b u t D = 0 : 
The answer i s t h a t t h e i n v e r s e sy s t em S i s n o t a d y n a m i c a l 
s y s t e m b u t a d y n a m i c a l sys t em p l u s a number of i d e a l d i f f e r e n t i a t o r s . 
Fe c a l l such k i n d of s y s t e m s h y b r i d - d y n a m i c a l s y s t e m s [ 6 ] . 
I f we do n o t u s e i d e a l d i f f e r e n t i a t o r s , t h e n t h e o u t p u t of t h e 
k5 
i n v e r s e sy s t em would "be t h e L - t h i n t e g r a l of t h e unknown i n p u t f u n c t i o n , 
where L i s some i n t e g e r l e s s t h a n p . T h i s i s t h e so c a l l e d L - i n t e g r a l 
i n v e r s e by S a i n and Massey [ 1 8 ] . 
T h i s can b e e a s i l y seen by c o n s i d e r i n g t h e f o l l o w i n g s i n g l e -
v a r i a b l e s y s t e m : 
Suppose 
H( s ) s + 3 
s + 3 s + 2 
t h e n 
H(s ) = B - \ B ) 
s + 3 s + 2 
s + 3 = s 
s + 3 s + 2 
s 2 + 3 s 
i . e . 
u ( t ) 
s + 3 y ( t ) 
s 2 + 3 s + 2 > 
~2 
s + 3 s + 2 
s ( s + 3) 
J u ( t ) d t , u ( t ) 
T h i s i s b e c a u s e t h e e l e m e n t s of t h e t r a n s f e r f u n c t i o n m a t r i x of 
a d y n a m i c a l sys t em of t h i s t y p e S = [A, B , C ] , a r e p r o p e r r a t i o n a l 
f u n c t i o n s , w h i l e t h e r e c i p r o c a l of a p r o p e r r a t i o n a l f u n c t i o n i s n o t 
p r o p e r , and t h e d e g r e e o f t h e n u m e r a t o r p o l y n o m i a l i s g r e a t e r t h a n t h e 
d e g r e e o f t h e d e n o m i n a t o r p o l y n o m i a l . Hence , d i f f e r e n t i a t o r mus t be 
i n v o l v e d and t h e i n v e r s e s y s t e m s' c a n n o t b e a d y n a m i c a l s y s t e m . 
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CHAPTER V I I I 
DESIGN AND APPLICATIONS 
V I I I - 1 . Feedback Compensa t ion 
Feedback i s a v e r y p o w e r f u l c o n c e p t i n a u t o m a t i c c o n t r o l . I t 
can be u s e d i n many d i f f e r e n t ways t o modi fy t h e p e r f o r m a n c e of a 
g i v e n s y s t e m o r t o f o r c e t h e sys t em t o do some d e s i r e d j o b a u t o ­
m a t i c a l l y . Fo r i n s t a n c e , i t i s p o s s i b l e t o u s e f e e d b a c k t o change 
t h e l o c a t i o n of sy s t em p o l e s , t o s t a b i l i z e an u n s t a b l e s y s t e m , t o 
d e c o u p l e a m u l t i - v a r i a b l e sy s t em [ 7 ] and t o form an o p t i m a l c o n t r o l 
and f i l t e r i n g sys t em [ 1 ] , e t c . 
I t i s n a t u r a l t o a s k t h e q u e s t i o n : can f e e d b a c k improve t h e 
f u n c t i o n a l a t t a i n a b i l i t y ? Or can we make a n o n - F . R . sy s t em F . R . by 
u s i n g s u i t a b l e f e e d b a c k ? 
B e f o r e s t a t i n g t h e t h e o r e m which w i l l answer t h e q u e s t i o n , l e t 
u s c l a s s i f y d i f f e r e n t t y p e s of f e e d b a c k : 
( i ) S t a t i c F e e d b a c k : 
u ( t ) = F ( t ) x ( t ) + G w ( t ) 
w u ( t ) x ( t ) C X ( t ) 
p l a n t 
hi 
I f F_(t) i s c o n s t a n t , t h e n i t i s a t i m e - i n v a r i a n t f e e d b a c k , 
( i i ) Dynamica l F e e d b a c k : 
' u ( t ) = v ( t ) + G w ( t ) 
v ( t ) = f ( v , x) 
w ( t ) x ( t ) C X 
G — ^ P T ~ ^ ) 1 ^ p l a n t 
z ( t ) 
p l a n t A 
: ( t ) 
Theorem 1: A l i n e a r t i m e - i n v a r i a n t d y n a m i c a l sys tem S i s F .R . 
i f and o n l y i f a n y ( t i m e - i n v a r i a n t ) f e e d b a c k c l o s e d - l o o p sys tem £L, 
w i t h i n p u t m a t r i x G h a v i n g a r i g h t i n v e r s e , i s F .R . 
<Proof> : Suppose S i s F .R . and l e t u ° be t h e e x e c u t i v e i n p u t 
wh ich a c c o m p l i s h e s a d e s i r e d a d m i s s i b l e t r a n s f e r . 
I f s t a t i c f e e d b a c k i s u s e d , t h e n t h e same t r a n s f e r can be done 
b y t h e i n p u t w ( t ) . 
•w(t) = G _ 1 [ u ° ( t ) - F x( t ) ] 
where G i s t h e r i g h t i n v e r s e of G. 
S i m i l a r a rgumen t a p p l i e s t o d y n a m i c a l f e e d b a c k . Thus , t h e 
c l o s e d - l o o p sys t em S i s F .R . 
On t h e o t h e r h a n d , i f S_, i s F . R . , and w° i s t h e e x e c u t i v e i n p u t , 
t h e same t r a n s f e r can be done by 
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u ( t ) = F x ° ( t ) + G w ° ( t ) 
"where x ° ( t ) i s t h e c o r r e s p o n d i n g c l o s e d - l o o p s t a t e v e c t o r . Thus , S 
i s F .R . a l s o . 
I t i s e a s y t o see t h a t t h e t h e o r e m a l s o h o l d s f o r t i m e - v a r y i n g 
f e e d b a c k . An i m p o r t a n t r e s u l t comes from t h i s t h e o r e m , t h a t i s : i f 
t h e g i v e n l i n e a r s y s t e m S i s n o t F . R . , t h e n no c l o s e d - l o o p f e e d b a c k 
compensa ted sys tem S c o u l d be F .R . T h i s e x c l u d e s t h e p o s s i b i l i t y of 
±5 
c o m p e n s a t i n g a sys t em t o be F .R . s o l e l y by f e e d b a c k r a t h e r t h a n mod i ­
f y i n g t h e i n p u t m a t r i x B o r D. 
Fo r I . F . O . , a weaker s t a t e m e n t can be made. 
Theorem 2 . ( D u a l ) 
A l i n e a r t i m e - i n v a r i a n t sys t em S = [A, B, C, D] i s I . F . O . , i f 
and o n l y i f t h e l i n e a r s y s t e m S = [A, B, C, D] i s I . F . O . , where C = K C, 
D = K D, and K h a s l e f t i n v e r s e . 
<Proof> : By Theorem 3 i n V, t h e sys t em S i s I . F . O . i f and o n l y 
i f t h e sy s t em S* = [ A ' , C ' , B, D] i s F .R . 
Note t h a t 
C r = C'K' 
D' = D'K' 
and K f h a s r i g h t i n v e r s e . 
Then , by t h e above t h e o r e m (Theorem 1 , V I I I - l ) , 
S# = [ A ' , £ ' , B», D ' ] i s F .R . By Theorem 4 , VI a g a i n , t h i s i s 
e q u i v a l e n t t o t h a t S = [A, B, £ , D] i s I . F . O . The t h e o r e m i s t h u s 
p r o v e d . 
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An i m p o r t a n t r e s u l t f o l l o w s from t h i s t h e o r e m , which e x c l u d e s 
t h e p o s s i b i l i t y of making a sys tem I . F . O . s o l e l y by r e - m a n i p u l a t i n g 
t h e o u t p u t ( n a m e l y , p o s t - c a s c a d i n g a m a t r i x k ) , w i t h o u t m o d i f y i n g t h e 
o u t p u t m a t r i x C o r D, i . e . 
I t h a s been shown i n t h e l a s t s e c t i o n t h a t t h e f u n c t i o n a l 
a t t a i n a b i l i t y c a n n o t be Improved by s o l e l y u s i n g f e e d b a c k c o m p e n s a t i o n 
w i t h o u t m o d i f y i n g t h e s t r u c t u r e s of B o r D, and t h u s i t can be seen t h a t 
t h e key f o r F .R . i s t h e s t r u c t u r e o f B o r D. 
I f a g i v e n sys t em S i s n o t F . R . , i t i s n a t u r a l t o a s k t h e 
q u e s t i o n l i k e : a r e t h e r e o t h e r i n p u t m a t r i c e s wh ich make t h e sys tem 
F . R . ? o r more p r e c i s e l y , f o r g i v e n m a t r i c e s A, C, and D, i s t h e r e an 
i n p u t m a t r i x B such t h a t [A, B, C, D] i s F . R . ? S i n c e i f D h a s r i g h t 
i n v e r s e , t h e p r o b l e m becomes t r i v i a l , D w i l l be assumed w i t h no r i g h t 
i n v e r s e . 
Lemma 1: F o r g i v e n m a t r i c e s A, C, and D (D h a s no r i g h t 
i n v e r s e ) , t h e r e e x i s t s a m a t r i x B such t h a t S = [A, B, C, Dj i s F .R . 
i f and o n l y i f [A, I , C, Dj i s F .R . 
< P r o o f > The i f p a r t i s t r i v i a l . 
To show t h e o n l y i f p a r t , assume [A, I , C, D] i s n o t F .R. t h e n , 
V I I I - 2 . E x i s t e n c e of F .R . and I . F . O . Sys tems 
The f o l l o w i n g t h e o r e m s w i l l answer t h i s q u e s t i o n . 
50 
"by Theorem 1 , V I I I - 1 , a n y sys t em [A, B, C, D] c a n n o t be F . R . , w i t h 
B 4 I G. 
I n p a r t i c u l a r , S = [A, B, C, D] w i t h B = I B i s n o t F .R . T h i s 
i s a c o n t r a d i c t i o n . 
Lemma 2 : The sys t em [A, I , I , D] i s b o t h F .R . and I . F . O . f o r 
a n y A and D. 
<Proo f> : The lemma f o l l o w s from t h e f a c t t h a t t h e s q u a r e m a t r i x 
( I S - A ) i s i n v e r t i b l e . 
The f o l l o w i n g t h e o r e m w i l l g i v e n t h e n e c e s s a r y and s u f f i c i e n t 
c o n d i t i o n f o r t h e e x i s t e n c e of i n p u t m a t r i c e s wh ich make t h e sys t em 
F . R . 
Theorem 1: The n e c e s s a r y and s u f f i c i e n t c o n d i t i o n f o r t h e 
e x i s t e n c e of i n p u t m a t r i c e s B such t h a t t h e sys t em [A, B, C] i s F . R . , 
i s t h a t C h a s r i g h t i n v e r s e . 
<Proof> : S u f f i c i e n c y : S i n c e [A, I , I ] i s F . R . and C h a s r i g h t 
i n v e r s e , t h e sy s t em [A, I , C] i s F .R. By lemma 1 , t h e r e e x i s t s m a t r i c e s 
B, such t h a t [A, B, C] i s F . R . 
n e c e s s i t y : Assume C h a s no r i g h t i n v e r s e , t h e n t h e row v e c t o r s 
of C a r e n o t l i n e a r l y i n d e p e n d e n t . Thus t h e sys t em [A, I , C] i s n o t 
F . R . , and b y Lemma 1 , t h e r e e x i s t s no i n p u t m a t r i x B, such t h a t 
[A, B , C] i s F .R . T h i s l e a d s t o a c o n t r a d i c t i o n . 
C o r o l l a r y 1 : A n e c e s s a r y c o n d i t i o n f o r a sys t em t o be F .R . i s 
t h a t t h e d i m e n s i o n of t h e s t a t e space mus t be g r e a t e r o r e q u a l t o t h e 
d i m e n s i o n of t h e o u t p u t v e c t o r . 
<Proof> : Assume t h e s t a t e space d i m e n s i o n p i s l e s s t h a n t h e 
o u t p u t d i m e n s i o n n , t h e n t h e sys t em [A, I , C, D] c a n n o t be F .R . T h i s 
5 1 
i s "because I i s a p x P i d e n t i t y m a t r i x and t h u s t h e i n p u t d i m e n s i o n i s 
p which i s l e s s t h a n t h e o u t p u t d i m e n s i o n . By Lemma 1 , t h i s i m p l i e s 
t h a t t h e r e e x i s t s no i n p u t m a t r i x B such t h a t [A, B , C, D] c o u l d he F .R . 
The f o l l o w i n g c o r o l l a r y g i v e s t h e minimum d i m e n s i o n o f t h e 
i n p u t v e c t o r t o form a F .R . sy s t em, and r e a l i z a t i o n of t h e i n p u t m a t r i x 
o t h e r t h a n t h e i d e n t i t y m a t r i x I i s g i v e n . 
C o r o l l a r y 2 : Given m a t r i c e s A and C, t h e n t h e minimum d i m e n s i o n 
of t h e m a t r i x B such t h a t [A, B, C, D] c o u l d he F . R . , i s p x n . An 
n x P s u b - m a t r i x I s u - ^ of t h e p x P i d e n t i t y m a t r i x I c o u l d b e a 
r e a l i z a t i o n . 
The f o l l o w i n g c o r o l l a r y c h a r a c t e r i z e s a c l a s s of i n p u t m a t r i c e s 
B w h i c h make t h e sys t em F . R . 
C o r o l l a r y 3» I f "the sys t em [A, B, C, D] i s F . R . , t h e n a n y sys t em 
[A. B, C, D] i s F . R . , p r o v i d e d t h a t B = B G and G h a s r i g h t I n v e r s e . 
S i m i l a r c o n s i d e r a t i o n s a p p l y t o I . F . O . 
Lemma 3*. F o r g i v e n m a t r i c e s A, B and D (D h a s no l e f t i n v e r s e ) , 
t h e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n f o r t h e e x i s t e n c e of o u t p u t 
m a t r i c e s C, such t h a t [A, B, C, D] i s I . F . O . , i s [A, B, I , D] i s I . F . O . 
<Proof> : By Theorem 2 , V I I I - 1 and s i m i l a r a rgumen t a s i n 
Lemma 1 , i t can be p r o v e d e a s i l y . 
I n t u i t i v e l y s p e a k i n g , t h e i d e n t i t y m a t r i x I can be c o n s i d e r e d 
a s a p e r f e c t o u t p u t m a t r i x wh ich r e v e a l s a l l t h e i n f o r m a t i o n of t h e 
s y s t e m . The lemma s t a t e s t h a t i f t h e unknown i n p u t c a n n o t be e x a c t l y 
d e t e r m i n e d by t h e p e r f e c t i n f o r m a t i o n , t h e n no o t h e r o u t p u t m a t r i x 
would be of h e l p . The f o l l o w i n g t heo rem i s a d u a l t o Theorem 1 . 
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Theorem 2 : The n e c e s s a r y and s u f f i c i e n t c o n d i t i o n f o r t h e 
e x i s t e n c e of o u t p u t m a t r i c e s C such t h a t t h e sys tem [A, B, CJ] i s I . F . O . , 
i s t h a t B mus t have l e f t i n v e r s e . 
C o r o l l a r y k: A n e c e s s a r y c o n d i t i o n f o r a g i v e n sys t em t o he 
I . F . O . , i n t h a t t h e d i m e n s i o n of t h e i n p u t v e c t o r c a n n o t exceed t h e 
d i m e n s i o n of t h e s t a t e v e c t o r , ( i . e . p ^ m ) . 
C o r o l l a r y 5* Given m a t r i c e s A and B, t h e minimum d i m e n s i o n 
o f t h e o u t p u t m a t r i x C such t h a t [A, B , C, D] i s I . F . O . , i s m x p . 
An m x P s u b - m a t r i x I of t h e p X P i d e n t i t y m a t r i x I can be a 
r e a l i z a t i o n . 
S i m i l a r l y , f o r e a c h C such [A, B , C, D] i s I . F . O . , t h e r e e x i s t 
a c l a s s of such C ' s wh ich a r e c h a r a c t e r i z e d by : 
C o r o l l a r y 6: I f [A, B , C, D] i s I . F . O . , t h e n a n y sys t em 
[A, B , C, D] i s I . F . O . , p r o v i d e d t h a t C = K C and C h a s l e f t i n v e r s e . 
V I I I - 3 . D e i s g n of a Dynamica l F s e u d o - i n v e r s e System 
I t h a s b e e n s een i n V I I . t h a t t h e i n v e r s e , t> , o f a l i n e a r -
o 
t i m e - i n v a r i a n t d y n a m i c a l sys t em of t h i s t y p e S Q = [A, B, C] i s n o t 
d y n a m i c a l b u t h y b r i d d y n a m i c a l , i . e . d i f f e r e n t i a t o r s a r e i n v o l v e d . 
The o b s t a c l e f o r t h e a p p l i c a t i o n s of such a h y b r i d d y n a m i c a l i n v e r s e 
sys t em i s due t o t h e i n a c c u r a c y of t h e p r a c t i c a l l y a v a i l a b l e d i f f e r ­
e n t i a t o r s [ 2 3 ] . 
However, i t h a s been shown [ 6 ] t h a t t h e i n v e r s e of a l i n e a r 
t i m e - i n v a r i a n t d y n a m i c a l sys t em of t h i s t y p e , S = [A, B, C, D] where 
D h a s l e f t i n v e r s e , i s a l s o a d y n a m i c a l s y s t e m , w i t h o u t d i f f e r e n t i a ­
t o r s . T h i s i n v e r s e i s g i v e n by §f = [K9 !B, £ , £T] where 
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K = A - B D C 
I = B D ' 1 
V = - D ' 1 C 
D = D - 1 
D ~*~ = l e f t I n v e r s e of D 
I n t u i t i v e l y , S can a p p r o x i m a t e S , p r o v i d e d t h a t t h e norm of 
D i s s m a l l enough . T h u s , i t i s n a t u r a l t o t r y t o u s e t o a p p r o x i m a t e 
& such t h a t we can have a d y n a m i c a l i n v e r s e f o r S. 
o 
Some p r o b l e m s a r i s e , and t h e y a r e : how c l o s e l y can a p p r o x i ­
ma te S* ? Or how c l o s e l y d o e s t h e e s t i m a t e d i n p u t u ( t ) d e v i a t e from 
t h e t r u e unknown i n p u t u ( t ) ? And d o e s u ( t ) c o n v e r g e t o u ( t ) a s we 
c h o o s e t h e norm of D s m a l l e r and s m a l l e r ? 
The f o l l o w i n g d i s c u s s i o n w i l l answer t h e s e q u e s t i o n s , and w i l l 
p r o v e t h a t i s i n d e e d a good a p p r o x i m a t i o n t o S" , u n d e r some r e a s o n ­
a b l e a s s u m p t i o n s . 
F i r s t l y , t h e f o l l o w i n g lemma i s n e c e s s a r y . 
Lemma 1 . L e t B [ 0 , T ] be a s e t of a l l n - v e c t o r - v a l u e d bounded 
f u n c t i o n s d e f i n e d on [ 0 , T ] , w i t h t h e sup-norm d e f i n e d i n V - l , i . e . 
||f|| = s u p | f ( t ) | 
t e [ 0 9 T ] 
t h e n B [ 0 , T ] i s a Banach s p a c e , i . e . e v e r y Cauchy s equence i n B[O.T] 
c o n v e r g e s . 
<Proof> : L e t [ f } be a Cauchy s equence i n B [ 0 , T ] , i . e . f o r 
e v e r y Z > 0 , t h e r e e x i s t s an N, such t h a t 
|f - f 1 < E f o r a l l n , m ^ N 
o r 
f o r a l l n , m :> N 
T h i s i m p l i e s t h a t 
f - f < S —n -m f o r a l l t e [ 0 , T ] 
and n , m > N 
a n d , i n p a r t i c u l a r , f o r f i x e d t , [f, ( t ) } i s a Cauchy s e q u e n c y i n 
s u b j e c t t o t h e norm a s d e f i n e d i n V - l which i s known a s £ norm 
and i s c o m p l e t e [ 2 2 ] , 
S i n c e e v e r y Cauchy s e q u e n c e c o n v e r g e s w i t h a c o m p l e t e norm, 
[ f ( t ) } c o n v e r g e s t o f ( t ) f o r e v e r y t e [ 0 , T ] which i s e q u i v a l e n t t o t h a t 
B [ 0 , T ] i s a Banach s p a c e . 
The f o l l o w i n g i s a f u n d a m e n t a l r e s u l t from l i n e a r o p e r a t o r 
t h e o r y [ 2 2 ] . 
Lemma 2 : L e t L be a l i n e a r o p e r a t o r which t r a n s f o r m s a normed 
l i n e a r s p a c e U t o a n o t h e r normed l i n e a r space V, t h e n L i s c o n t i n u o u s 
i f and o n l y i f L i s bounded . 
The b o u n d e d n e s s of L can b e u n d e r s t o o d from t h e f o l l o w i n g 
d e f i n i t i o n . 
D e f i n i t i o n 1 A l i n e a r o p e r a t o r d e f i n e d a s above i s s a i d t o be 
bounded i f and o n l y i f t h e norm of L i s bounded by a f i n i t e c o n s t a n t , 
i . e . 
{f, } c o n v e r g e s t o f i n B [ 0 , T ] . Thus t h e norm I ' | i s c o m p l e t e , and 
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I M < K 
where t h e norm of L i s d e f i n e d a s 
| L | 4 sup | L x l 
k H h i 
The f o l l o w i n g t h e o r e m which somet imes i s known a s Banach I n v e r s e 
Theorem [ 2 2 ] w i l l p l a y an i m p o r t a n t r o l e i n t h e c o n v e r g e n c e p r o o f . 
Theorem 1 . L e t L be a l i n e a r o p e r a t o r mapping a Banach s p a c e 
B^ t o a n o t h e r Banach s p a c e B^ . I f L e x i s t s and L i s c o n t i n u o u s , 
t h e n L i s a l s o c o n t i n u o u s . 
Now, some p r o p e r t y from t h e l i n e a r s y s t e m s t h e o r y i s n e e d e d . 
Lemma 3 . [2k~\ 
A l i n e a r t i m e - i n v a r i a n t d y n a m i c a l sys tem S i s a s y m p t o t i c a l l y 
s t a b l e i m p l i e s S i s b o u n d e d - i n p u t b o u n d e d - o u t p u t s t a b l e ( B . I . B . O . ) 
I n t u i t i v e l y s p e a k i n g , B . I . B . O . s t a b l e i s t h a t f o r a n y bounded 
i n p u t , t h e o u t p u t f u n c t i o n i s bounded and i s e q u i v a l e n t t o t h a t t h e 
l i n e a r sy s t em o p e r a t o r i s bounded and t h e r e f o r e c o n t i n u o u s . 
A n e c e s s a r y and s u f f i c i e n t c o n d i t i o n f o r a s y m p t o t i c a l l y s t a b l e 
i s t h a t t h e r e a l p a r t s o f a l l t h e e i g e n v a l u e s of m a t r i x A a r e n e g a t i v e . 
T h i s i s a d e s i r e d p r o p e r t y f o r l i n e a r s y s t e m s . 
B e f o r e p r o v i n g a c o n v e r g e n c e t h e o r e m which g u a r a n t e e s t h a t & 
i s a good a p p r o x i m a t i o n t o p r o v i d e d t h a t t h e norm of D i s s m a l l 
enough , a d e s i g n p r o p o s i t i o n i s p r e s e n t e d a s f o l l o w s : 
1 . Given an I . F . O . l i n e a r sy s t em S Q = [A, B, C ] , c o n s t r u c t a 
l i n e a r sys tem S = [A, B, CJ, D] where D h a s l e f t i n v e r s e . 
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2 . Choose t h e e l e m e n t s of D a s s m a l l a s p o s s i b l e , and c o n s t r u c t 
an i n v e r s e sys tem S' of S by t h e a l g o r i t h m g i v e n a t t h e b e g i n n i n g of 
t h i s s e c t i o n . P o s t - c a s c a d e S" w i t h S , t h e n & w i l l s e r v e a s an a p p r o x i ­
m a t i o n t o t h e t r u e i n v e r s e which i s h a r d t o be r e a l i z e d i n p r a c t i c e . 
S w i l l be r e f e r r e d t o a s a d y n a m i c a l p s e u d o - i n v e r s e sy s t em f o r 
S . The f o l l o w i n g t h e o r e m w i l l show t h a t S i s a good a p p r o x i m a t i o n . 
Theorem 2 : ( C o n v e r g e n c e ) Assume S Q = [A, B , C] i s I . F . O . and 
a s y m p t o t i c a l l y s t a b l e , and l e t u ( t ) be t h e unknown i n p u t of S , y ( t ) 
be t h e c o r r e s p o n d i n g o u t p u t . 
I f we p o s t - c a s c a d e t h e p s e u d o - i n v e r s e sys tem S' w i t h S Q , and l e t 
u ( t ) be t h e o u t p u t of §f ( t u r n s o u t t o be an e s t i m a t i o n of u ( t ) ) , i . e . 
u = ? A U 
3 
t h e n 
a s 
| t J ( t ) - u ( t ) | - 0 
| D | | - 0 
p r o v i d e d t h a t a l l t h e i n p u t s a r e bounded f u n c t i o n s on [0>T] , 
<Proof> : D e f i n e t h e l i n e a r o p e r a t o r L a s 
t 
( L u ) ( t ) &CJ $ ( t - T ) B u ( T ) d T 
o 
= i ( t ) 
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t h e n 
L u = y_ 
and 
(L + D)u = j 
S u b t r a c t i n g t h e two e q u a l i t i e s : 
L(u - U ) = D u 
L(u - u ) || = |D u 
| D | | ||u|| b y de f . of | |D | 
Note t h a t S Q i s I . F . O . i m p l i e s L e x i s t s and 
- 1 , _ A. A 
L (D u ) = u - u 
S i n c e , b y a s s u m p t i o n , S Q i s a s y m p t o t i c a l l y s t a b l e , by Lemma 3 
and Lemma 2 of V T I I - 3 L i s c o n t i n u o u s . 
Then b y Lemma 1 and t h e Banach I n v e r s e Theorem (Theorem 1 , 
VTII -3 )> L 1 i s a l s o c o n t i n u o u s , i . e . , 
K« - u ) - L _ 1 ( 0 ) I - 0 
a s 
lb u | - O 
Note t h a t S Q i s I . F . O . i m p l i e s 
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Hence , we have 
k - U - 0 
a s 
| | D | -» 0 ( w h i c h i m p l i e s | D U | | -» 0) 
The r e m a i n i n g p r o b l e m i s how t o e s t i m a t e t h e e r r o r i n d u c e d by 
s u c h an a p p r o x i m a t i o n . 
The e s t i m a t i o n e r r o r i s 
A ^ - 1 / ^ A v 
u - u = L (D u ) 
and t h e e r r o r norm i s 
I u - £ || = | L " 1 D & J 
* II i " 1 2 II II » II 
* U " 1 I II £ II II - II 
We can d e f i n e t h e " n o i s e t o s i g n a l " r a t i o a s 
A ' * - * I 
N/S r a t i o H 
" II u || 
» u - j || 
* H I 
^ II i - 1 | || D || 
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so t h e p r o b l e m t u r n s o u t t o be how t o e s t i m a t e Jj L |J. A l t h o u g h we 
know || L 1 | i s bounded , i n o r d e r t o c o n t r o l t h e e r r o r o r W/S r a t i o , 
we have t o have some I d e a of || L || such t h a t we can choose a 
s u i t a b l e || D ||. 
T h e r e have been some works d e a l i n g w i t h t h e r e a c h a b l e zone 
of a sys t em r e s p o n s e , e . g . [ 2 5 ] , s u b j e c t t o c o n s t r a i n e d i n p u t . How­
e v e r , i n g e n e r a l , i t i s n o t so e a s y t o f i n d o u t t h e e x a c t r e a c h a b l e 
zone a n a l y t i c a l l y u n l e s s f o r l ower o r d e r e d s y s t e m s , we can d i s p l a y 
I t on an a n a l o g compute r by a b a n g - b a n g o p t i m a l c o n t r o l . 
G e n e r a l l y s p e a k i n g , I f t h e o r i g i n a l sys t em S Q i s v e r y s t a b l e 
( i . e . w i t h s h o r t t r a n s i e n t t i m e c o n s t a n t ) , t h e v a l u e of || L 1 || 
m i g h t be l a r g e r , and hence || D || s hou ld be chosen s m a l l e r . 
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CHAPTER IX 
CONCLUSIONS AND RECOMMENDATIONS 
I X - 1 . C o n c l u s i o n s 
I n t h i s work , some b a s i c p r o b l e m s c o n c e r n i n g f u n c t i o n a l 
r e p r o d u c i b i l i t y ( F . R . ) and i n p u t f u n c t i o n a l o b s e r v a b i l i t y ( I . F . O . ) 
o f m u l t i - v a r i a b l e d y n a m i c a l s y s t e m s such a s , d e p e n d e n c i e s on homo­
g e n e o u s s o l u t i o n s and on t i m e - i n t e r v a l s , s t r u c t u r e s of o u t p u t f u n c t i o n 
s p a c e , a d m i s s i b i l i t y of o u t p u t f u n c t i o n s , f u n c t i o n a l a t t a i n a b i l i t y , 
d u a l r e l a t i o n s , e t c . , were i n v e s t i g a t e d . A t t e n t i o n s were c o n c e n t r a t e d 
on l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s and p r o b l e m s were d e a l t 
w i t h from t h e f r e q u e n c y domain v iew p o i n t . 
The t h e o r e t i c a l f o u n d a t i o n s were b a s e d on t h e f o r m a l i z a t i o n of 
t h e f i n i t e - d i m e n s i o n a l r a t i o n a l f u n c t i o n v e c t o r space o v e r r a t i o n a l 
f u n c t i o n f i e l d . W i t h o u t t h i s s p e c i a l c h o i c e o f f i e l d , i n f i n i t e -
d i m e n s i o n a l p r o b l e m would a r i s e , and a l l t h e s u b s e q u e n t r e s u l t s would 
n o t h o l d . The f r e q u e n c y domain c r i t e r i a and f u n c t i o n a l a t t a i n a b i l i t y 
o f a g i v e n sys t em were b a s e d on t h i s f i n i t e - d i m e n s i o n a l v e c t o r space 
f o r m a l i z a t i o n . I n p a r t i c u l a r , t h e s t r u c t u r a l p r o p e r t i e s of a major 
c l a s s o f i n t e r e s t i n g i n p u t and o u t p u t f u n c t i o n s ( i . e . r a t i o n a l f u n c t i o n s ) 
were c h a r a c t e r i z e d . Then , t h e c o n c e p t o f a d m i s s i b l e i n p u t and o u t p u t 
f u n c t i o n s was i n t r o d u c e d such t h a t t h e s e t o f a l l a d m i s s i b l e o u t p u t 
f u n c t i o n s was embedded i n t h e r a t i o n a l f u n c t i o n s u b s p a c e . With t h e 
a i d of a g e n e r a l i z e d i n n e r p r o d u c t , t h e o r t h o g o n a l i t y , d e c o m p o s i t i o n , 
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a d j o i n t o p e r a t o r , e t c . c o u l d be d e f i n e d , and t h e r e f o r e a c o m p l e t e d u a l 
t h e o r e m f o r F .R . and I . F . O . was e s t a b l i s h e d . 
On t h e o t h e r hand , t h e e f f e c t of f e e d b a c k c o m p e n s a t i o n on F .R . 
was i n v e s t i g a t e d w h i c h t h e n c o n t r i b u t e d t o t h e d i s c u s s i o n of t h e 
e x i s t e n c e of F .R . o r I . F . O . s y s t e m s . The p r o b l e m s such a s , f o r g i v e n 
s y s t e m m a t r i x A, t h e c h a r a c t e r i s t i c s of t h e c l a s s of a l l o u t p u t m a t r i -
c i e s C such t h a t t h e r e e x i s t i n p u t m a t r i c e s B making t h e s y s t e m F .R . 
e t c . were d i s c u s s e d . B e s i d e s , a p s e u d o - I n v e r s e sys t em d e s i g n ( w i t h o u t 
d i f f e r e n t i a t o r s ) wh ich can a p p r o x i m a t e t h e t r u e i n v e r s e sys t em ( w i t h 
d i f f e r e n t i a t o r s ) t o a n y d e s i r e d a c c u r a c y was p r e s e n t e d . I t can be 
s e e n t h a t t h i s d e s i g n a p p r o a c h would be r a t h e r u s e f u l when t h e t r u e 
i n v e r s e sys t em w i t h d i f f e r e n t i a t o r s d o e s n o t work w e l l . 
I X - 2 . Rec ommendation s 
I n t h e p r o c e s s of t h e i n v e s t i g a t i o n , a number of i n t e r e s t i n g 
e x t e n s i o n s of t h i s r e s e a r c h became a p p a r e n t , t h e f o l l o w i n g a r e some 
s u b j e c t s and p r o b l e m s s u g g e s t e d f o r f u t u r e s t u d y : 
( i ) C o n s i d e r a t i o n of a l a r g e r c l a s s of i n p u t and o u t p u t f u n c t i o n s . 
S i n c e a c l a s s o f s c a l a r f u n c t i o n s wh ich i s l a r g e r t h a n t h e 
c l a s s of s c a l a r r a t i o n a l f u n c t i o n s would no l o n g e r be a f i e l d , t h e 
a l g e b r a i c s t r u c t u r e composed of t h e c l a s s of a l l v e c t o r - v a l u e d f u n c ­
t i o n s o v e r t h e c l a s s of s c a l a r f u n c t i o n s would no l o n g e r be a v e c t o r 
s p a c e e i t h e r . However, t h e fo rmer c l a s s s a t i s f i e s t h e r e q u i r e m e n t s of 
an a d d i t i v e A b e l i a n g r o u p , and t h e l a t t e r c l a s s s a t i s f i e s t h e r e q u i r e ­
m e n t s of a r i n g , and t h e r e f o r e t h e c o m b i n a t i o n would be a module [ 2 6 ] , 
C o n s e q u e n t l y , i t i s s u g g e s t e d t o e x p l o r e t h e a p p l i c a t i o n of t h e 
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t h e o r y of modu les i n t h i s c o n t e x t . 
( i i ) The c h a r a c t e r i z a t i o n of a l l i n p u t m a t r i c e s B such t h a t t h e 
sys t em [ A , B , C ] w i t h g i v e n A and C i s F .R . i s s u g g e s t e d t o he i n v e s ­
t i g a t e d . Then , t h e F .R . and I . F . O . can he e x t e n d e d t o t h e p r o b a b i l i s ­
t i c p a r a m e t e r s y s t e m s . 
( i i i ) Some e x p e r i m e n t s compar ing t h e p s e u d o - i n v e r s e sys t em and t h e 
t r u e i n v e r s e sy s t em a r e s u g g e s t e d . 
( i v ) I t i s s u g g e s t e d t o a p p l y t h e i n v e r s e sys t em t o v a r i o u s p h y s i c a l 
s y s t e m s m e a s u r e m e n t . I t i s a l s o b e l i e v e d t h a t many a p p l i c a t i o n s can 
be found i n b i o m e d i c a l and e n g i n e e r i n g s y s t e m s d i a g n o s t i c a n a l y s i s . 
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